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d(x, t; `∆t) = [d1(x, t; `∆t) d2(x, t; `∆t)]T
-/' * >1U ��* }~6hW5I =76 }C6

t
)1>5<

t+ `∆t
K5V2< >;=7O1>�* >

(x, t) ∈ Λ3)1>5<2=1918+G
`
' , 6 >5<2F 6 >13h>+)1F I >5< 8137K/B

Q+An' )+* , -/.102.�* }C6�:7< >+6 G702-/@+* }~6�8191*7< )+B73hI 8+B73
v(x, t) = [υ1(x, t) υ2(x, t)]T

V2< >S=7O7>S* >
(x, t) ∈ Λ3 X�4>+I >1* .7I B102* 'h=7*7</8S: ' , )+* .13��

p
�2: ' 6�W5I .10/< -/8+918+< ' , * >+</V2< >SO1=7V58+G73�02.1-/' < 87V5I >1T|< )+B73�>+91O7=1* .1* >13 X4� >:7< >+6 �702-/>+* >�* .13u>16 *7< 02* 8+, W2< 02.13�)+>+<D* .13�8+91* < )1B13uI 8+B73u02G16 B N/}~3u:7< >+T2F I 8+G76k>191=(' < )+876 8+02* 8+< W5' , 8(02'
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�� ��� ��B�� ��� ��� ��� � �
�CK~>+6 @1O187V5>u-/';* 8�>+6J* 8u:7< @16 G70/-2>u* .73
)+, 6 .102.73;8+I7, � ' * >5<L>+91=�* 8�W5I =16 8

t
91I 813S* 8�W5I =76 8

t + `∆t
BM>+91=�* 8�W5I =76 8

t
91I 813S* >�9+, 02} 91I 813S* 8

W5I =76 8
t− `∆t K5=+91}~3�: ' , W56 ' <2.;' < )+=76 >M� X � X
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1 xxp =

),( 21 xxp =
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time t - Ätl

time t

time t + Ätl

� W5B1-/>J� X �1{ � 8S91I =1Q1O1.7-/>S* .73h>+6 * < 02* 85, W2< 02.73h91I 813�* >S' -/91I =13h)+>+<291I 8+3h* >S9+, 02}
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����� ��� ��� �#
�� ��� � { 0;8 N/F 6 * }~6J* }C6SW5}~I 81E W5I 8167< )+P~6J: ' < V5-/@+* }C6

sp(x, t)
02* 8+G73;W5I =76 8+G73

t)1>5<
t+ `∆t
K2* >S819185, >S02G16 : F 876 * >5<2-/'D* .�02W5F 02.

sp(x1, x2, t) = sc(x1 + d1(x, t; `∆t), x2 + d2(x, t; `∆t), t+ `∆t)
? � X � AB+K/< 0281: �16 >1-/>2K

sk(x1, x2) = sk+`(x1 + d1(x), x2 + d2(x)),
F * 0/<2P~02* '

t = k∆t

Q1I ' , * '�* 8�:7< @16 G102-/>s>+6 * < 02* 8+, W2< 02.13�91I >+V5-/>1*7< )+B73H* < -/B73
d(x) = [d1(x) d2(x)]T

Kh=1918+Gs* >�W5I 8767< )1@
81I7, 02-/>1* >

d(x)
: 'DO1>1-2Q+@16 816 * >+</G791=+R2. X "!
� � 
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���$� ��� �#� ��� � �
�C{ z 6M8+I7, 028+G7-/'J* >H:7< >+6 �702-/>+* >H>16 *7< 02* 8+, W2< 02.13S>+91=H* 8HW5I =76 8

t
91I 8+3J* 8

W5I =76 8
t− `∆t K5* =7* 'D* 8S-/876 * F O78S* .73h:7< :7< @102* >1* .73h)+, 6 .702.13DV2, 6 ' * >+<

sk(x1, x2) = sk−`(x1 + d1(x), x2 + d2(x)),
F * 0/<2P~02* '

t = k∆t

¤C6 >1O1O7>+)1*7< )+@5K/* 8S:7< @16 G102-/>S* .13D)5, 6 .102.73h-/9181I ' ,/6 >S8+I7< 02* ' ,/02* 8;W5I 8167< )+=S:7< @102* .7-/>
(t− `∆t, t) XC� =1* 'N2>SF W581G1-/'�{

sk(x1, x2) = sk−`(x1 − d1(x), x2 − d2(x)),
F * 0/<2P~02* '

t = k∆t
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� � ���� "� !
� � �
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sp(x1, x2, t)
02'CF 6 >D* I7< 02:7< @+02* >1* 8h91O7F V5-/>

Λ3 KQ1I ' , * 'n* .D:7< :7< @+02* >1* .D* >+W5�7* .7* >
v(x, t)
V2< >h=7O1>h* >

(x, t) ∈ Λ3 X�� ' Q+>+, }C3 K1.D' )+* , -/.102.D* }~64:7< >+6 G702-/@+* }C6* .13;8+91* < )1B13SI 81B13;)+>+<C* .73S>16 *7< 02* 85, W2< 02.73S>191=u: G18�91O1>+, 0/< >�' , 6 >+<C, :7< >2KC-/'
d(x, t; `∆t) = v(x, t)`∆t
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6 >S91' * �7W58+G7-/'�< )+>16 8+918+< .7*7< )+@M>19181* ' O1F 02-/>1* > X �h> N/87O+< )+8+,|91' I7< 8+I < 02-/8+,|' U 81-/@+O7G16 02.73�91I 81)+>1O181�16>16 >+)1I7< Q+BJ' )1*7, -/.702.S)5, 6 .702.13�02* >J=+I7< >M* }C6�>+6 * < )1' < -/F 6 }~6;O1=7V5}�)+@1O1G7R/.73 X �4' I7< 0202=1* ' I 8J91I 81W5}LEI .7-/F 6 8+<+)1>+* ' G N2G16 * < )185,191' I7< 8+I7< 02-/85,1' U 8+-/@1O1G76 02.13�' 9+< * I F 9181G164* .764�191>1I U .hU >+T267< )1PC6D>102G16 ' W5' < PC6
02* 8;91' :7, 8S* .73h)+, 6 .102.73 X

• � � ��� ��� 
 � !�� � 
�� ��� � � ��
����!������� � � � !
� � � ��� � � ��� � �
� �h<5-/F N28+: 8+<2>1G1* F 3D' , 6 >5<5' )1*7< -/.1* F 3D-/' * >+* =+9+< E02.73D* �19181G�91I =7Q+O7' R/.734EC:7< =+I N2}C02.73 X & 91I =7Q+O7' R/.�O7>+-5Q+@16 ' * >+<5}C3D.�* < -/B�* .73D' )1*7, -/.702.134)5, 6 .102.7302* .DN/F 02.�* 81G�91I 81.1V581�1-/' 6 81G;' < )+876 8+02* 8+< W5' , 8+G�B�}C3D8;V5I >1-/-|< )1=+3h02G76 : G1>102-/=+3D* }~6h' )+* < -/B702' }C6
)+, 6 .102.73�02* .16�91' I7< 87W5BJ* .13�V5' < * 8167< @+3�* 81GJ* I F W5816 * 813�' < )1816 8102* 85< W5' , 8+G X &
' 6 .7-/F I }C02.;Q1>10|, � ' * >+<02* .16�' O7>+W2< 02* 819185, .102.;* .13h)1O+, 02.13 � �
� � � ����� ���
� � � � 
�� � ��� ����� ��
�� � � ��� 	��
� ��� � �  � ��� !h02'h>1G7* =* 8�' < )+876 8+02* 8+< W5' , 8 XC� 8�Q1B1-/>�* .13�91I =7Q+O7' R/.734-29+81I ' ,+V5' 67< )+@�6 >DN/' }~I . N2' ,1}C3�F 6 >+3�G191876 8+81�1-/' 6 81391' I7< 81I7< 02-/=+3S' U 8+-/@1O1G76 02.13 X ¤C91F )+* >102.u>1G1* B13S* .13S91I 8102F V5V2< 02.13S02* .16J' )1*7, -/.702.�9181G�Q1>10|, � ' * >+<02';* -/B7-/>+* >u8+: .7V5' ,C02*7< 3SO7' V5=+-/' 6 ' 3J02* I >+* .1V2< )+F 3S' )+* , -/.102.73S* �7918+G E

Wiener X �h<~>+6 >1: I 8+-|< )+F 3-/F N28+: 8+<2' )+* , -/.102.73h)+, 6 .102.73h-/'4Q+@102.;* >S' < )+876 8+02* 85< W5' , >S91>+I 81G10/< @+� 876 * >5</02* .�91>+I @1V5I >+T28M� X �5X
• Bayesian


�� ��� � � � { �h<L-/F N28+: 8+<L>+G7* F 3�' )+-/' * >+O7O1' �7876 * >+<L* 8+G73;9+< N/>16 81* < )18+�73S91' I7< 81I7< 02-/81�13�' U 81E
-/@1O1G76 02.737K502G16 B N/}~3D02* .�-/81I T/B�' 6 =13h* G1W5>+, 8+G�91' :7, 81G

Gibbs
K591I 81)+' < -/F 6 8+G�6 >S)1@+6 81G16�' )+* , -/.70/.

* 81G�91' :7, 8+G�* .73D-/' * >1* =19+< 02.13 XC� 8;)+G7I7< =1* ' I 8;-/' < 816 F )1* .7-/@;* 8+G73D' , 6 >5<+8;-/' V5@1O1813D>+I7< N2-/=+3DG79187O187EV2< 02-/P~6�918+G;>191>5< * ' , * >5< X
�n� �C� � ��£5���~� �4�2�	�
�4�7¡~�|�C�/�n�(£5���~�7¢��~��
M� �4� �|�n�4�C�
� 9187O787V2, � 8+G7-/'C* .16C9185< =1* .1* >D* }~6n' )+* < -/.1* PC6n)+, 6 .102.73C-/'LQ1@+02.�* 876nO1=7V58D02B7-/>+* 813 E 91I 8+3 E N2=+I G Q+8�? PSNR

A
* .134* ' O+< )+B73D:7< >+T28+I @13D-/' * >+* 8+9+< 02-/F 6 81G�91O7>5< 0/, 8+GhE�? 0 � �hAC-/' * >1U ��* 81G�>1I W2< )18+��)1>5<+* ' O1< )18+��91O1>+< 0/, 8+G+K9181G;8+I , � ' * >+<2>+91=M{

PSNR = 10 log10

255× 255
∑

[sk(n1, n2)− sk+l(n1 + d1(n1, n2), n2 + d2(n1, n2))]2
? � X � A

=1918+G
d1, d2
' , 6 >+<|8+<|02G767< 02* PC02' 3h* }C6;' )1*7< -/.1* PC6�)5, 6 .102.73�02'h)+@ N/'�' < )1816 8102* 85< W5' , 8 X ¤C9+, 02.737K|G79187O187V2, E� 81G1-/'D* .16�' 6 * I 8+9+, >S* 8+G;' )1*7< -/PC-/' 6 81G;91' :7, 81G;* .73h:7< :7< @102* >+* .13h)+, 6 .702.13 K29181G;:7, 6 ' * >+<2>+91=S* .161{

H = −
∑

d1

P (d1) log2 P (d1)−
∑

d2

P (d2) log2 P (d2)
? � X �1A

=1918+G�* >
P (d1), P (d2)

: .7O1P~6 8+G76�* .�02W5' * < )1B�02G7W56 =1* .1* >;' -/T2@+67< 02.73D* .73D8+I7< � =76 *7< >+3h)1>5<5)+@ N/' * .13D02G767< E
02* PC02>13�* 8+G;:7< >16 �102-/>1* 813�)5, 6 .102.73

d X &�' 6 * I 819+, >2K/' )+* =+3�>+91=J* 8J6 >M>19181* ' O1' ,/F 6 >M-/F * I 8J* .73�' U 81-/@1EO7G16 02.73n* 81Gh91' :7, 8+Gh* .13�)+, 6 .102.737K1' , 6 >+<+< :7< >5, * ' I 81Gh' 6 :7< >1T/F I 876 * 8+3�02* .D02G1-/9+, ' 02.4Q+, 6 * ' 8�-/'n>16 *7< 02* @ N/-|< 02.
)+, 6 .102.737KL=+918+GM' , 6 >5<L' 9+< N/G7-/.1* BM.J' O1>1W2< 02* 819185, .702.M* =+028�* .13;' 6 * I 8+9+, >13;* 81GM91' :7, 81GM* .73;)+, 6 .702.13J? V2< >
T+N/.76 =7* ' I .;' )1918+-/91B1A K2=+028S)1>5<2* .13h' 6 F I V5' < >+3h* .13�0 � � X
Y�Z � psr�lDt1iug;v;gawxt yng;v;g;oqwcj�l
�a\ i��;ikj�lCj
&_)1>+* @J* -/B1-/>1* >S' )1*7, -/.702.;)1>5</>16 * < 02* @7N2-|< 02.;)+, 6 .702.13h' , 6 >5<29187O1�;: .7-/8+T/< O7B13h)1>5</F W5' <2G1< 87N2' * . N/' ,202* >
:7< ' N/6 B�91I =1* G191>DV2< >D* .�02G1-/9+, ' 02.�R/.7T|< >+)18+G�Q5, 6 * ' 82K7=191}C3C* >

H.261
)+>+<

MPEG 1/2 X �D>1I =7O18h9181G4>+G7* @* >�91I =7* G791>;: ' 6D8+I7, � 81G16h91O7B1I }~34)+@19185< >;02G1V5)1' )+I7< -/F 6 .�-/F N/81: 8;' )1*7, -/.702.13 K+.�)+>1* @�* -/B7-/>+* >�' )+* , -/.102.
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)+, 6 .102.73hF W5' <5V2, 6 ' <5-|, >ST/G70/< )1B�' 9+< O787V5B X &_)1>+* @S* -/B7-/>+* >;' )+* , -/.102.�)5, 6 .702.13DW5I .10/< -/8+918+< ' , * >+< K2' 9+, 02.13 K' G7I F }C3M02'J>1I )+' * F 3�@1O1O7' 3�' T2>+I -/87V5F 3MR/.7T|< >+)18+�uQ5, 6 * ' 8k=191}C3M* 8kT|< O1* I @+I7< 02-/>k9181GHQ1>10|, � ' * >+<n02* .76
>16 *7< 02* @7N2-|< 02.;)+, 6 .102.73hV2< >S-/' * >1* I 8191F 3�91I 87* �191}~6 Xz I W2, � 8+G7-/'�-/'h-|, >J02�16 * 81-/.S' < 02>+V5}~V5BS* }C6�)1>+* @M* -/B1-/>1* >J-/816 * F O1}~6;' )1*7, -/.702.13h)5, 6 .702.13�02* .S91>7E
I @1V5I >+T28J� X �+X �1Xn�C� >1G1* =S* 8S)1' T/@1O1>+< 8J91>1I 8+G70/< @1� 8+G7-/'h: �78S02* I >+* .1V2< )+F 3D' )+* , -/.102.73D)5, 6 .102.73 X & 91I PC* .91I 8102F V5V2< 02.k9181GuN/>s02G7� .1* . N2' ,�02* .76u91>1I @+V5I >1T/8(� X �1X � ' , 6 >+<�-|, >s* ' W567< )+Bk02* 8s91' :7, 8s* }~6uW5}CI7< )+P~602G7W56 87* B7* }~6M)1>5<C876 8+-/@1� ' * >5<C-/F N/81: 8+3J02G702W5F *7< 02.13;T/@102.13 X & : ' �7* ' I .+Kn9181GMN2>H91>1I 8+G70/< >10+N/' ,C02* .7691>1I @+V5I >1T/8J� X �+X � ' , 6 >+<2-|, >S91I 8+02F V5V2< 02.�>+6 >1� B1* .102.73h02* 8;W5}CI7< )+=S91' :7, 8 X �h>+<28+<2: �18;-/F N/81: 85<2-/9181I 8+�766 >SG7O1819185< . N28+�76;< ' I >+I W2< )+@SW5I .10/< -/8+918+< P~6 * >13h-|< >S9187O7G1:7< >+)1I7< * < )1B;91' I7< V5I >1T/B;* 81G�Q5, 6 * ' 8 X
�n� ��� � ���C�|�L���n�
�D� �|�C�4�n�����M� �L¢��n¢;�C���J�
� 8J-/876 * F O78J)5, 6 .702.13�)1>+* @J* -/B7-/>+* >JG79187N2F * ' <2=1* </.S' < )+=76 >M>19187* ' O7' , * >5</>191=M)+< 6 81�1-/' 6 >J* -/B7-/>+* >J9181G02G76 B N2}C3�>16 *7< 02* 8+< W2, � 876 * >5<L02'�)5< 6 81�1-/' 6 >�>16 *7< )+' , -/' 6 > X � >+-2Q1@+6 81G1-/'�G191=1R/.J: �78�* �7918+G73;* -/.1-/>1*7< )+B73)+, 6 .102.737{C>5An>+91O7B

2−D -/' * >+* =+9+< 02.;)1>5<5Q+An:7< @1T/81I ' 3 2−D 91>+I >1-/8+I T2PC02' < 3h* }C6�* -/.1-/@1* }~6 X
� � &*(�' �!�"� ���,+.- /�)�$�) +.(%&1# � " ��" ( &�(
&�>191O181�102* ' I .�-/8+I T2Bu>1G1* 81�u* 81G�-/816 * F O181Gu' , 6 >5<~>+G7* B�* }~6M* -/.1-/@1* }C6J9+81G�-/' * >1)5< 6 8+�76 * >5< Kn91' I7< 81I7, E
� 876 * >+3M* .u)5, 6 .702.H* 81GH)1@7N2'J* -/B7-/>+* 813M02'S-|, >k>19+O7Bu-/' * >1* =19+< 02. Xs� =1* 'MF 6 >�� × �q* -/B7-/>��c02* 891O7>5, 0/< 8���)1' 6 * I >1I7< 02-/F 6 8MV5�1I }(>191=M* 8M' < )1876 8+02* 85< W5' , 8
	

= (n1, n2)
-/816 * ' O1819185< ' , * >5<|}~3�-|, >MV5' 67< )+B

-/' * >1* 8+9+< 02-/F 6 .;F )1: 8+02.;' 6 =13�, :7< 8+G;-/' V5F N28+G73h* -/B7-/>+* 813h02* 8;91O1>+, 0/< 8
k+l
K2V2< >S)+@19185< 8J>1)+F I >+< 8

l
{

s(n1, n2, k) = sc(x1 + d1, x2 + d2, t+ l∆t)|[
x
t

]
=V

[
n
k

] d1, d2 ∈ R
? � X & A

V2< >S=7O1>S* >
(n1, n2)ε

�4K2=1918+G;* >
d1

)1>5<
d2

' , 6 >5<28+<202G767< 02* PC02' 34* }C6�:7< >+6 G702-/@+* }C6�-/' * >1* =19+< 02.13hV2< >S* 8
* -/B1-/>�� X7� 8h: ' U7,1-/F I 813�* .13C' U7, 02}C02.73D? � X & A|:7, 6 ' * >+<702'n02W5F 02.4-/'C*7< 3n02G76 ' W5' , 3nW5I 8767< )1@�-/' * >1Q1>+O7=+-/' 6 ' 3' < )+=76 ' 3

sc(x1, x2, t)
K5' 91' < : B�* >

d1
)+>+<

d2
91>+, I 6 8+G76�91I >1V5-/>+* < )1F 3h* < -/F 3 X � 9187N2F * 816 * >13h=7* <5* > d1

)+>+<
d2)7Q+>16 *7, � 876 * >5<202* 8S91O7.10/< F 02* ' I 8;>+)1F I >5< 85K/* 8S-/876 * F O78�? � X & An-/9181I ' ,/6 >S>191O1819185< . N/' ,202'

s(n1, n2, k) = s(n1 + d1, n2 + d2, k + l) d1, d2 ∈ Z
? � X � A

�4>+I >1* .7I B102* '�=1* <+' , 6 >5<+9+< N/>16 =;6 >�91@1I 8+G7-/'4>1)+I7, Q1' < >�' < )1816 8+02* 85< W5' , }~6 1
2L
02*7< 3�' )+* < -/B702' < 3�* .734)+, 6 .702.13 K

' @16�02* 8;91O1>+, 0/< 8
k+l
02* .16;? � X � AnV2, 6 ' <291>+I ' -2Q187O1B;)1>+* @JF 6 >S91>1I @+V5876 * > L X

� * 8u-/876 * F O78s? � X & A K~* >u* -/B1-/>1* >��q-/9181I ' ,~6 >u' , 6 >+<~' 9+< )1>+O7G191* =+-/' 6 >uBM-/.5K~=+91}~3ST/>+, 6 ' * >+<~02* .76' < )+=76 >;� X � ? >+AC)1>5</? Q+A~>+6 * < 02* 8+, W5}~3 Xn� * .�91' I7, 91* }C02.h* .13�-/.�' 9+< )+@1O1G7R/.737K+02'�81O7=+)1O1.7I 8�* 8�* -/B7-/>�>16 *7< E02* 8+< W5' ,5F 6 >;-/=16 8;:7< @+6 G702-/>;)+, 6 .702.13 X~� ¤C* 0/< K5.�' )+* , -/.70/.�)+, 6 .102.73D-/9181I ' ,26 >;' 9+< * ' G1W1N2' ,5>+6 * < V5I @+T2816 * >13* .16491O1.7I 8+T28+I7, >�:7< >1Q1@7N2-|< 02.13�* 8+GhV5)+I7, � 81G�BhW5I }C-/>1*7< )+B�91O7.1I 81T/81I7, >�>+91=�* >�>+6 * , 02* 8+< W5>�* -/B7-/>+* >5K+02* 8
91O7>5, 0/< 8

k+l
K/' < )1816 8102* 85< W5' , 8M-/'h' < )1816 8102* 85< W5' , 8 X�� * .76;91' I7, 91* }~02.S* }C6�' 9+< )1>+O7G191* =+-/' 6 }~6;* -/.7-/@+* }~61K-/9181I 8+�7-/'4' , * '46 >;G79187O187V2, 0281G1-/'4* 8�-/F 028;=1I 8;* }C6D:7< >16 G102-/@1* }C6h)+, 6 .702.134-/F 02>�02*7< 34' 9+< )1>+O7G191* =+-/' 6 ' 3

91' I7< 87W5F 3JB�6 >H' 9+< O7F U 81G1-/'SF 6 >H>191=H* >H' )1*7< -/PC-/' 6 >H:7< >+6 �702-/>+* >H)+, 6 .102.73 X & >16 *7< 02* @7N2-|< 02.�)5, 6 .102.7302* .16S91' I7, 91* }C02.M* }~6J' 9+< )1>+O7G191* =+-/' 6 }~6J* -/.7-/@+* }~6JF W5' <~02G7� .1* . N2' ,L02* 8 

Sul �7��
 K~=+9181G�' , W5';91I 87* >7N2' ,-|, >S91I 8102F V5V2< 02.;W5I B702.13D9181O7O1>191O1P~6�G79187N2F 02' }C6 X&�: .7-/81* < )1=1* .1* >J* .73�>+6 * < 02* @ N/-|< 02.13h)+>+<|' )+* , -/.102.73�)+, 6 .702.13�9181GSQ1>+0/, � ' * >+</02* 8J-/876 * F O18J* }C6�-/' E

* >1* 8+9+< 02-/F 6 }C6�* -/.1-/@1* }C6�91I 81F I W5' * >+<2>+91=M{
• *7< 3DW5>+-/.7O1F 3D>+91>+< * B702' < 3hV2< >S* .16h>+6 >191>+I @102* >+02.�* 81G�91' :7, 81G;)+, 6 .102.737K5)+> N/P~3hF 6 >;:7< @16 G102-/>;)+, 6 . E02.73h>191>5< * ' , * >5<2V2< >S)+@ N/'h* -/B1-/>5K2)1>5<
• �191>1I U .;T5N2.16 P~6�G1O78+918+< B702' }C6 VLSI X
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Ðëáßóéï k+1

Ðëáßóéï k

ÔìÞìá B

a) b)

� W5B7-/>J� X � { � 816 * F O1>S)+, 6 .702.13h* }~6�* -/.7-/@+* }~61{C>5An-/.;' 9+< )+>1O1G791* =1-/' 6 >SQ+A�' 9+< )+>1O1G791* =1-/' 6 >S* -/B7-/>+* >
� 02* =+0285K�.H>16 *7< 02* @7N2-|< 0/.u)+, 6 .102.73MW5I .70/< -/819185< PC6 * >+3M-/' * >1* 819+< 02-/F 6 >k91O7>5, 0/< >2{�>+A�>+9187* G7V5W5@+6 ' <n02* 8
� 81G1-LK/02* .76�91' I7< 02* I 81T|< )+BS)+, 6 .702.S)+>+<|)1@+* }�>+91=J* 8+9+< )+F 3�91>+I >1-/8+I T2PC02' < 3�)1>5<2Q5A�F W5' </}C3�>+9187* F O1' 02-/>
0287Q+>1I F 3M91>1I >+-/81I T/P~02' < 3M* -/.1-/>1* 8+918+, .702.13J* .73M' < )1=16 >13k?

blocking-artifacts
A K�' < :7< )+@kV2< >k' T2>+I -/87V5F 3

-/'JW5>1-/.1O7=sI G N/-/=
bits
K4)1>7N2PC3M* >k=+I7< >k* }~6�>+6 * < )1' < -/F 6 }~6uV5' 67< )+@k: 'M02G7-/T/}~6 8+�76�-/'M* >k=1I7< >k* }C6

>16 *7< )+' < -/F 6 }C61K�)+>+<�-/9181I ' ,�6 >k>1918+: 8 N/81�16u02* >kV5' < * 8167< )+@k* -/B7-/>+* >k>1I )+' * @s:7< >+T28+I ' * < )1@s:7< >+6 �702-/>+* >
)+, 6 .102.73 X
� �*/"� � � $!"��*/�)�� 
 (!�"(!" ����'���$�� "�),+.- /*)�$�),+.( &"# � " ��" (%&�(

� < >D6 >hV5' 67< )+' �7028+G7-/'C* 8D-/876 * F O78h* .73C-/' * >1* 8+9+< 02-/F 6 .73n* -/.1-/>1*7< )+B73n)+, 6 .702.134? � X & A K Q1O1F 9181G1-/'~=1* <7-/9181I ' ,6 >�W5>+I >1)+* .1I7< 0+N2' ,5>191=�F 6 >16h>191O1=S? W5}CI7< )+=+AC-/' * >+02W5.7-/>+* < 02-/=�* }~6D02G76 * ' * >1V5-/F 6 }C6D* }~6D' < )1876 8+02* 85< W5' , E
}~6�>+91=S91O1>+, 0/< 87E 02' E 9+O7>+, 0/< 8S* .13D-/8+I T2B13

x
′
1 = x1 + d1

x
′
2 = x2 + d2

? � X � A
=1918+G

(x1, x2), (x
′
1, x

′
2)
' , 6 >+<285<202G16 * ' * >+V5-/F 6 ' 3D' 6 =+3h02.1-/' , 8+G;02* >S91O7>5, 0/< >

k,k+l
>16 *7, 02* 8+< W5> X �_W5}CI7< E)1=+3;-/' * >102W5.1-/>1*7< 02-/=+3J? � X � AD-/9181I ' ,L6 >�V5' 67< )1' G N2' ,~V2< >�6 >�91' I7< O1@7Q+' <|>+T2T|< 67< )+81�13;-/' * >+02W5.7-/>+* < 02-/8+�7302G76 * ' * >1V5-/F 6 }C6�9181G;:7, 6 816 * >+</>191=S*7< 3h02W5F 02' < 3�{

x
′
1 = a1x1 + a2x2 + d1

x
′
2 = a3x1 + a4x2 + d1

? � X � A
��>+T2T|< 67< )+=13�-/' * >+02W5.7-/>+* < 02-/=+3S? � X � A�-/918+I ' ,|6 >JW5' < I7< 0+N2' ,|91' I7< 02* I 81T/BS* }~6;* -/.1-/@1* }~61K|)1>7N2PC3�)+>+< 2-
D
91>+I >1-/=+I T2}C02.;* }~6�* ' * I >1V5PC6 }~6S? 8+I N281V5}~67, }C67An02'D91>+I >1O1O7.1O7=1V5I >1-/-/>J=191}C3h: ' , W56 ' <2* 8S02W5B7-/>J� X �+X
� z O7O18+<7W5}CI7< )+8+,1-/' * >+02W5.7-/>+* < 02-/8+,791' I7< O7>+-2Q1@+6 81G164* 876491I 818+91* < )1=�)+>+<1* 8764:7< V5I >1-/-|< )1=�-/' * >+02W5.7-/>+* < 02-/=02G76 * ' * >1V5-/F 6 }C6 X �_91I 818+91* < )1=+3�-/' * >102W5.1-/>1*7< 02-/=13h:7, 6 ' * >+<2>+91=S* < 3D02W5F 02' < 3 {

x
′
1 =

a1x1 + a2x2 + a3

a7x1 + a8x2 + 1

�7�



�����������
	 �
������������	 �����
������	 ������������	 ��	 �������������
��	 �
�������

x
′
2 =

a4x1 + a5x2 + a6

a7x1 + a8x2 + 1

? � X � �1A
�_:7< V5I >+-/-|< )+=13�-/' * >102W5.1-/>1*7< 02-/=+3D-/918+I ' ,26 >S' )+T2I >+0+N2' ,/}~3�{

x
′
1 = a1x1 + a2x2 + a3x1x2 + a4

x
′
2 = a5x1 + a6x2 + a7x1x2 + a8

? � X �1� A
�h<2>1T/T/< 67< )+8+,|)1>5<285<291I 818+91* < )185,/-/' * >102W5.1-/>1*7< 02-/8+,/02G76 * ' * >1V5-/F 6 }C6�>16 *7< 02* 85< W581�16�02* < 3h8+I N287V5I >+T/< E
)1F 34)+>+<+91I 8+8191*7< )+F 3491I 81Q181O7F 34-|, >+3

3-D
02* ' I ' B13�)5, 6 .702.134-|, >134' 9+, 91' : .134' 9+< T/@16 ' < >13D>16 * , 02* 85< W5> X � 02* =7E0285K~8�:7< V5I >1-/-|< )1=+3S-/' * >102W5.1-/>1*7< 02-/=13;: ';02W5' * , � ' * >5<L-/'�)1@+918+< >uT2G10/< )+B

3-D
)5, 6 .102. X �h<L>+O7V5' Q+I7< )+F 3)1>5<2V5' }~-/' * I7< )+F 3�< :7< =7* .7* ' 3h>1G1* PC6�* }C6�-/' * >102W5.1-/>1*7< 02-/P~6�F W58+G76�>16 >+91* G1W1N2' ,/02* 8�


Wo � � 
 X

Áööéíéêüò

Áööéíéêüò

Ðñïïðôéêüò

Äéãñáììéêüò

Äéãñáììéêüò

� W5B1-/>J� X � { �D>1I >+: ' , V5-/>1* >JW5}~I7< )1PC6�-/' * >1* 8+9+, 02' }~6
� .7-/' < P~6 8+G7-/'�=1* <|-/' I7< )+@M-/876 * F O7>M)+, 6 .702.13�)+>1* @M* -/B1-/>1* >2K|02G7-/91' I7< O7>+-2Q1>+6 81-/F 6 }C6;* }C6M? � X � A4)1>5<? � X � A4>16 B1)18+G76S02* .76;)1>+* .1V581I7, >M* }~6;91>+I >1-/' * I7< )+P~6S-/876 * F O7}C6;)+, 6 .702.13S? 918+GS02G1� .7* B N/.7)+'h02* .76;91>1I @1EV5I >1T/8�� X � A4)+>+<L-/9181I ' ,L6 >SN2' }CI . N/81�16;}~3�* 8+9+< )+8+,L91' I7< 8+I7< 02-/8+,L)1>+6 8767< )18+9185, .102.73;02'�>1G N2>5, I ' * >M91' :7, >-/' * >1* =19+< 02.13~V2< >46 >D>+6 * < -/' * }~9+, 0281G1-/'~* 8491I =1Q1O1.7-/>D* 81G4:7< >+T2I @+V5-/>1* 8+3 K102'L02G16 : G7>+02-/=4-/'~* < 3C-/' N2=+: 81G13
9181G4Q+>10/, � 816 * >+<102* .16�' U7, 02}C02.48+91* < )1B13nI 8+B73�BD02* < 3n>+6 >1: I 8+-|< )+F 3�-/' N2=+: 81G13n-/'CQ1@+02.D* >h' < )+876 8+02* 85< W5' , > X
�n� ��� ������� �n����� � 	C�D�D�5�~� �4�C���u���4�C�
�4>5, I 6 876 * >+3�* 876

2 −D -/' * >+02W5.7-/>+* < 02-/= Fourier
)+>+<|* }~6;: �78J91O1' G7I PC6�* 8+GS-/876 * F O78+GS* .13�:7< >+)1I7< * B73

)+, 6 .102.73;? � X � An-/' l = 1
91@16 }s02'DF 6 >S* -/B7-/> �4K2F W58+G7-/' {
Sk(f1, f2) = Sk+1(f1, f2) exp(j2π(d1f1 + d2f2))

? � X � � A

� �



��� �1� �����'	 � ��������	 ��������� ��� �'� �'�.���������

=1918+G�-/'
Sk(f1, f2)

: .7O1P~6 ' * >5<58
2−D -/' * >102W5.1-/>1*7< 02-/=13 Fourrier

* 8+G�91O7>5< 0/, 81G
k
>16 >+T28+I7< )+@S-/'D*7< 3

W5}~I7< )1F 3D02G16 * ' * >+V5-/F 6 ' 3
x1
)+>+<

x2 XL� ¤C91' * >+<5=7*7<+02* .76h91' I7, 91* }C02.�-/' * >1T/81I7< )1B13D)+, 6 .702.13 K5.�:7< >1T/81I @;* }C6
Fourier
T/@102' }C6�* }~6�>16 *7, 02* 85< W5}C6�* -/.1-/@1* }~61K

arg{S(f1, f2, k)} − arg{S(f1, f2, k + 1)} = 2π(d1f1 + d2f2)

81I7, � ' <2F 6 >JW5P~I 8S02*7< 3h-/' * >7Q+O7.1* F 3
(f1, f2) Xn� =1* ' K2* 8J:7< >+91O7>5< 0/< >+)1=J:7< @16 G702-/>J)+, 6 .102.73h-/918+I ' ,/6 >S' )1*7< E-/. N/' ,|>+91=�* 876S91I 8+02>16 >+* 87O+< 02-/=�* 8+GJ' 9+< 91F : 8+GH? � X � � A X z G1* BJ.MT2>5< 6 8+-/' 67< )+@�@+-/' 02.J91I 8+02F V5V2< 02.JF W5' <: �78J0281Q1>+I @J91I 81Q1O1B7-/>+* >2{4>+A4.S' )+* , -/.102.S* 81GS91I 8+02>16 >+* 87O+< 02-/81�J* 8+GS' 9+< 91F : 8+GSV5' 67< )1@M>191>5< * ' ,

2 −D' )1* �7O+< U .ST/@102.13J?
phase-unwrapping

A K|.S8+918+, >�: ' 6;' , 6 >5</)+@1*7<|* ' * I7< -/-/F 6 82K|)1>5</Q+A4: ' 6S' , 6 >+<|02G16 B N/}~3
' �7)+87O78J6 >J>16 >+V56 }~I7, 0281G1-/'h* >J:7< >+6 �702-/>+* >J)+, 6 .102.73�V2< >J91' I7< 0202=7* ' I >S>+91=JF 6 >S)5< 6 81�1-/' 6 >J>16 *7< )+' , -/' 6 >
-/F 02>M02'�F 6 >M* -/B7-/> X &
-/F N/81: 813;* .73�' * ' I 8102G102W5F * < 02.13�O1�76 ' <|)+>+<L* >M: �78�91I 81.1V581�1-/' 6 >M91I 81Q1O1B7-/>+* >

Tho 87 
 X�� z O1O7' 3�-/F N/81: 85</' )1*7, -/.702.13h)5, 6 .702.13�02* 8S91' :7, 8J* }C6�02G7W56 81* B7* }~6�91' I7< O1>1-2Q+@16 8+G76;>+G7* F 3h918+GQ1>+0/, � 876 * >5<202'4>+6 @1O1G702.;* 8+G

3-D
91' :7, 81G;W5}CI 87W5I 8767< )1PC6�02G7W56 81* B1* }~6�-/'DW5I B102.�)1>+* >16 8+-/P~6

Wigner
B

F 6 >S02' *h>191=
Gabor
T|, O7* I >�


Hee 87 
 X& -/F N28+: 813h02G702W5F *7< 02.73DT2@+02.73D' )+* < -/@;* .�02W5' *7< )+B�-/' * >+* =+9+< 02.�-/' * >+U ��: �18;* -/.7-/@+* }~6h* .73D' < )1=16 >13
-/F 02}u-|< >134)+>16 8167< )+8+918+< .1-/F 6 .73D02G76 @+I * .102.734' * ' I 8+02G702W5F *7< 02.73�918+G�G79181O787V2, � ' * >5<+02* 8�:7< :7< @102* >1* 8�W5PCI 8
Fourier X � >+0/, � ' * >+<2>+)1=+-/>J02* .16�>1I W5B;=1* <2-|< >S02W5' *7< )+B�-/' * >+* =+9+< 02.;02* 8SW5}~I7< )1=J91' :7, 8SF W5' <2}~3h>+9187* F EO7' 02-/>M* .76S�791>+I U .J' 6 =+3�V5I >+-/-|< )+81�M=+I 81GMT2@+02.73�02* 8M91' :7, 8

Fourier X z )+87O181� N2}C3 K~91I P~* >�: ' , W56 8+G7-/'91}~3�91I 8+)1�191* ' <L.S02G16 @1I * .702.J02G702W5F *7< 02.73�T/@102.13�)1>5<|02* .S02G16 F W5' < >M>+6 >1T/' I =1-/>+02* '�02'�� .1* B1-/>1* >M9181G
02W5' * , � 85< 6 * >+<+-/'�* .16DG7O1819185, .702B�* .13 X ¤C91F )1* >+02.h* .734-/' N2=+: 81G�>+G7* B734-/9181I ' ,56 >�W5I .10/< -/8+918+< . N2' ,+)+>+<+V2< >91' I7< 02* I 8+T/< )1B;)5, 6 .702. X
� $%/"#!�1&*)�$�) � $%$ 
�� &"� $�)�#�� #�$�)�#
& 02G16 @1I * .702.�' * ' I 8102G102W5F * < 02.73D-/' * >+U �;: �78S91O7>5< 0/, }C6

k
)1>5<

k + l
81I7, � ' * >5<2}C3

ck,k+1(n1, n2) = s(n1, n2, k + 1) ∗ ∗s(−n1,−n2, k)
? � X � � A

=1918+GM-/'����S: .1O7PC6 ' * >+<L8
2 − D * ' O1' 02* B13�02G76 F O+< U .13 X �D>+, I 6 816 * >13S* 8�-/' * >+02W5.7-/>+* < 02-/= Fourier

)+>+<
* }~6�: �18S91O7' G1I P~61K291>+, I 6 8+G7-/'h* .�-|< V5>+:7< )+B;F )+T2I >+02.�* 81G;T2@+02-/>1* 8+3h' * ' I 8102G102W5F * < 02.13�{

Ck,k+1(f1, f2) = Sk+1(f1, f2)S∗k(f1, f2)
? � X � � A

�h>16 8767< )18+9185< PC6 * >+3;* 8
Ck,k+1(f1, f2)

-/'�* 8M-/F * I 8M* 8+G+KL91>+, I 6 8+G7-/'�* .ST/@102.J* 8+GJT2@+02-/>1* 8+3�' * ' I 8102G7E
02W5F * < 02.13

C̃k,k+1(f1, f2) =
Sk+1(f1, f2)S∗k(f1, f2)

|Sk+1(f1, f2)S∗k(f1, f2)|
? � X � �7A

� 918 N/F * 876 * >+3D)5, 6 .102.�V5I >1-/-|< )1B13D-/' * >1* =19+< 02.13D>16 *7< )+> N|< 02* 8+�7-/'D* .76S? � X �7� AC02* .16;? � X � An)1>5<291>+, I 6 8+G7-/'�{

C̃k,k+1(f1, f2) = exp(−j2π(f1d1 + f2d2))
? � X � & A

�4>5, I 6 876 * >+3�* 876;>+6 * , 02* I 8+T28
2-D
-/' * >+02W5.7-/>+* < 02-/=

Fourier
* .73�F )+T2I >+02.737K|91>+, I 6 8+G7-/'�* .S02G76 @+I * .102.

02G702W5F *7< 02.73DT/@102.13
c̃k,k+1(n1, n2) = δ(n1 − d1, n2 − d2)

? � X � � A
�4>+I >1* .7I 8+�7-/'�=7*7<2.S02G76 @+I * .102.;02G702W5F *7< 02.73hT/@102.13h>+9187* ' O7' , * >5</>191=JF 6 >+6�91>+O7-/=2K/* 8+G;8+918+, 81GJ.�N/F 02.
91>1I @+V5' <2* 8S:7< @+6 G702-/>S-/' * >1* =19+< 02.13 X

� �
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� ��" (%&�(��  ��� ��- )�$�)�#
&�G1O78+918+, .102.�* .73J-/' N/=1: 8+G�T/>10/< )1B13J02G702W5F *7< 02.13;02* 876MG79181O787V2< 02* B�>+91>+< * ' ,n* .16M>16 *7< )+>1* @102* >+02.u* 81G
2 − D -/' * >+02W5.7-/>+* < 02-/8+� Fourier

>191=�* 876S>16 *7, 02* 8+< W58M:7< >1)+I7< * =M-/' * >+02W5.7-/>+* < 02-/=H?
2 − D DFT

A K/-/'
>19181* F O7' 0/-2>S* 876�>+)1=1O78+G N/8S>+O7V5=+I7< N/-/85{
�1X � 9187O787V2, 02* '4* 8 2−D DFT

* }C6h>16 *7, 02* 85< W5}C6h* -/.1-/@1* }C6h>191=;* 8;91O7>5, 0/< 8
k
)+>+<5* 8;91O7>5, 0/< 8

k+ 1

�+X � 9187O787V2, 02* 'h* .16�T2@+02.�* 81G;T2@+02-/>1* 8+3h:7< >102* >+G7I 8+�7-/' 6 .13�< 02W5�78+3h=191}C3h02* .16�� X � &
�5X � 9187O787V2, 02* 'S* 8+}_>+6 * , 02* I 8+T28 2 − D DFT

* .13
C̃k,k+1(f1, f2)

KCV2< >H6 >u91I 8+)1�1R2' <C.�02G76 @+I * .102.
02G702W5F *7< 02.73DT/@102.13

c̃‘k,k+1(n1, n2)

�5X z 67< W56 ' �102* 'D*7< 34N2F 02' < 3h* .137? }C67An)18+I G7T/B731? P~67A�02* .�02G76 @+I * .102.�02G702W5F *7< 02.73DT/@102.13
� : >+67< )+@5K N2>D91' I7< -/F 6 >1-/'C6 >D91>1I >+* .1I B7028+G7-/'CF 6 >16�-/=76 8D91>+O7-/=D02* .�02G16 @1I * .702.�T/>10/< )1B13C02G702W5F *7< 02.737K
8�819185, 8+3�N2>�G19181: ' , )+6 G7'4* .h02W5' *7< )+B�-/' * >1* =19+< 02.�-/' * >+U ��* }~6h: �78�* -/.7-/@+* }~6 X �4I >+)1*7< )+@5K2F 6 >134>+I7< N2-/=+3>191=J91>+I @1V5816 * ' 3�02G76 ' < 02T/F I 81G16�02* 876�' )+T2G1O1< 02-/=J* .73�02G76 @+I * .102.73h02G102W5F * < 02.13hT2@+02.73�-/'h>+9187* F O1' 02-/>
6 >�91' I7< F W5' <L-|, >�BJ91' I7< 0202=1* ' I ' 3;)18+I G7T/F 3 X z G1* 85,L' , 6 >5< {�.MW5I B702.M* 81G 2 − D DFT

>16 *7,L' 6 =13
2 − D-/' * >102W5.1-/>1*7< 02-/81�

Fourier
K/.;91>+I 81G10/, >J91' I7< 0202=1* ' I }C6�* 81GS' 6 =13�)5< 6 81�1-/' 6 }~6;>16 *7< )+' < -/F 6 }C6�-/F 02>J02* 8

* -/B1-/>;)+>+<2.;91>+I 81G10/, >�N28+I � Q+81G;91>+I >1* B7I .102.73 X&qW5I B102.H* 8+G
2 − D DFT

>16 *7,�* 8+G
2 − D
-/' * >102W5.1-/>1*7< 02-/81�

Fourier
F W5' <nF 6 >+6u>+I7< N/-/=s>191=

02G76 F 91' < ' 3 {
• � �
� � � 
�� � ��� ��� � � � � < >;6 >;91@+I 81G7-/'DF 6 >+6�< : >167< )1=S91>+O7-/=2K5.�-/' * >1* =19+< 02.�91I F 91' <56 >;' , 6 >+<5)+G7)+O1< )1B X�h> N/P~3�* >J91I @1V5-/>+* >J918+GS' U >1T/>167, � 816 * >+<|>191=J* .;-|, >J91O1' G7I @J* 8+G;91>+I > N/�7I 8+GSV5' 67< )+@J: ' 6�' -/T/>7E
67, � 876 * >5</U >+6 @J02* .76;@1O1O7.S@+)1I .5K|8+<|91>1O1-/8+,|G19187Q+> N/-|, � 876 * >5<|02'h* 8+9+< )+F 3�)+81I G1T2F 3 X ¤C9+, 02.13 K|' , 6 >5<V56 }~02* =�=7* <58

2−D DFT
G79187N2F * ' <+91' I7< 8+: < )1=1* .1* >;)1>5<+02*7< 34: �78�)+>1* ' G N/�76 02' < 3 X z 02G16 F W5' < ' 34>+91=* >�>+I7< 02* ' I @u91I 8+3S* >�: ' U7< @u=1I7< >5KC)+>+<~>+91=u91@16 }_91I 8+3S* >u)1@+* }nKC-/918+I ' ,~6 >u' < 02@1V58+G76MR2' �1* < )1' 3

)18+I G7T/F 3 X
• ��� � � ����� �!����
���� � �D' U >5< * , >+3�-/.S>1)+' I >+, }C6;:7< >+6 G702-/@+* }C6�)5, 6 .702.13 { � < >J6 >J91>1I >+* .1I B7028+G7-/'�F 6 >16* F O1' < 8�91>1O1-/=5K+8+<+02G767< 02* P~02' 3n* 81Gh:7< >+6 �702-/>+* 8+3�-/' * >+* =+9+< 02.73�91I F 91' <16 >�>+6 * < 02* 8+< W58+�76D02'n>+)1F I >5< >
9187O7O1>191O1@10/< >H* .73SN2' -/' O+< PC: 81G13J02G1W56 =7* .7* >+3 X 0S< >+T28+I ' * < )1@2K�8k91>1O1-/=13SN/>H' )+T2G1O1< 0+N/' ,C02'J-|, >)18+I G7T/B�O1=7V5}s* 8+G�V56 }C02* 8+��T/>+< 6 8+-/F 6 81G;* .73h:7< >+I I 81B13hT/@102-/>+* 8+3 X

• � � ��� � � � �
� � ��� � ��� ���
� � � � � !
� � 
 ��� � � 
�� � ��� ����� ���
� {(�h>7N2PC3h8 2−D DFT
' , 6 >5<291' I7< 81:7< )1=+3�-/'

-/F V5' N28+3h* -/B1-/>1* 8+3
(N1, N2)

K28+<2' )+* < -/.7* F 3h-/' * >1* =19+< 02.13h91I F 91' <56 >S' )+* G1O1< W1N28+�76�}C3h' U B737{

d̂i =

{
di

' @16 |di| ≤ Ni/2
K
Ni
@+I * < 8+3 K/B |di| ≤ (Ni − 1)/2

K
Ni
91' I7< * * =+3

di −Ni
>1O1O1< P~3 ? � X � � A

V2< >S6 >SW5' < I7, � 816 * >+</)1>5<2* < 3h>1I 6 .1* < )1F 3�-2' * >1* 8+9+, 02' < 3 X~� ¤C* 0/< K2.;' -5Q+F O7' < >S* }~6�' )+* < -/.7* P~6�' , 6 >5< [−Ni/2 +
1, Ni/2]

V2< >
Ni

@1I *7< 81G13 X � < >�91>+I @1: ' < V5-/>2KhV2< >�* .16H' )1*7, -/.702.k-/' * >+* 819+, 02' }C6H-/F 02>s02'�F 6 >�' �7I 8+3
[−31, 32]

K5* 8;-/F V5' N/813�* 81G;91O7>5< 0/, 81G;91I F 91' <26 >S' , 6 >5<2* 81G1O7@+W2< 02* 816
64× 64 X

� 8k-/F V5' N28+3M* 8+Gu* -/B7-/>+* 813M' , 6 >5<n-|, >k>191=k*7< 3M9+< 8k02.7-/>+6 * < )1F 3M91>+I >1-/F * I 81G13M02'JF 6 >k>1O1V5=1I7< N/-/8)1>+* @�* -2B1-/>1* >M' )+* , -/.102.73�)5, 6 .702.13 X &
' 9+< O187V5BM* 81GM-/' V5F N28+G73;* 81GM* -/B1-/>1* 8+3�02G16 B N/}~3�91' I7< O7>+-2Q1@+6 ' <-|, >S02G16 >1O1O7>+V5B;: �18J02G7V5)+I 81G1=1-/' 6 }~6;>19+>+< * B702' }C6 X�� 8J91>+I @ N/G7I 8M91I F 91' <26 >J' , 6 >5</>1I )+' * @J-/' V5@+O78JV2< >6 >h' , 6 >+<+< )1>+6 =�6 >�G79181O787V2, � ' <1-/' V5@+O7>�:7< >16 �102-/>1* >�-/' * >+* =+9+< 02.13 X z 91=�* .164@1O1O7.h91O7' G1I @5K191I F 91' <16 >�' , 6 >5<>1I )+' * @J-|< )+I =SP~02* 'D* 8S:7< @16 G102-/>S-/' * >1* =19+< 02.13h6 >S91>+I >1-/F 6 ' </02* > N/' I =S-/F 02>;02* 8;91>+I @ N/G7I 8 X z G7* F 3D85<: �78S>16 *7< T/>1*7< )+F 3h02G16 N2B1)1' 3h-/9181I 8+�76�6 >S:7< ' G N/' * . N28+�76�-/'D*7< 3�< ' I >+I W2< )+F 3h-/' N/=1: 8+G73�

Erk �7��
 X&_-/F N28+: 813h02G102W5F * < 02.73DT2@+02.73hF W5' <2)+@19185< ' 3�' 9+< N/G7-/.1* F 3�< :7< =7* .7* ' 3 {

� �
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• z O7O1>1V5F 3D02* .76hF 6 * >+02.�>+91=;91O7>5, 0/< 8;02'491O1>+, 0/< 85{C& -/F N28+: 813h* .13402G1W5F * < 02.134T2@+02.73D' , 6 >5<+0/W5' * < )+@-/.u' G7>5, 0+N/.7* .�02'J>1O1O7>+V5F 3M02* 8HT2}C* < 02-/=5K�' 91' < : Bu85<C-/' * >+* 8+9+, 02' < 3M02* .u-/F 02.u* < -/BuBu8k9187O7O1>7E
91O7>+0/< >+02-/=13�-/'D-|, >J02* > N/' I @S: ' 6�' 91.1I ' @1� 8+G76�* .;T2@+02.;* 81GS-/' * >102W5.1-/>1*7< 02-/81G

Fourier X �h>7N2PC3.M02G76 @+I * .102.M02G702W5F *7< 02.73;T/@102.13;' , 6 >5<~)1>+6 8767< )+8+9185< .1-/F 6 .�-/';* 8u-/F * I 8u* 81G�-/' * >102W5.1-/>1*7< 02-/81�
Fourier
K2.�-/F N/81: 8+3h: ' 6�' , 6 >+<2' G1>+, 0+N2.1* .�02*7< 3h-/' < PC02' < 3h* 81G;-/F * I 8+G;* 81G;-/' * >+02W5.7-/>+* < 02-/8+� X

• �D87O1O7>+91O7@S)5< 6 81�1-/' 6 >S>16 *7< )+' , -/' 6 >5{n¤n, 6 >+<2' 6 :7< >1T/F I 876�6 >SV56 }~I7, 028+G7-/'D*7<50/G7-2Q1>5, 6 ' <2=7* >+6�9181O7O1>7E91O7@S)5< 6 8+�7-/' 6 >J>+6 * < )1' , -/' 6 >J-/'D:7< >1T/81I ' *7< )+F 3�* >1W5�1* .1* ' 3DQ1I7, 02)+876 * >5<202* 8J, :7< 8S91>+I @ N/G7I 8 X �4' < I @7E-/>1* >JF W581G16�: ' , U ' </=7*7<291>1I >+* .1I 81�16 * >+</9187O1O7F 3h)+81I G1T2F 37K/-/'D)+@ N/'h-|, >S>+91=S>+G7* F 3h6 >SG19181: ' < )16 �1' <
* .16�)+, 6 .702.S' 6 =+3�02G1V5)1' )+I7< -/F 6 8+GS>+6 * < )1' < -2F 6 8+G�


Tho � � 
 X &�>+67, W56 ' G102.S* }~6;02.7-/>+6 * < )1PC6�)+81I G7ET2PC6D91>1I @+V5' <+F 91' < * >�-|, >�O+, 02* >�>191=�G19181R/B7T|< >�:7< >16 �702-/>+* >�-/' * >+* =+9+< 02.734V2< >�)+@ N/'�' < )+876 8+02* 8+< W5' , 8
-/F 02>D02* 8D* -/B7-/> XC� , >h' 9+< 91O7F 8764>16 >+� B7* .702.4>+91>+< * ' , * >+<7V2< >h6 >4Q+I ' N2' ,79185< 8h:7< @+6 G702-/>h-/' * >+* =+9+< 02.73>16 B1)1' <|02'�9185< 8M' < )1816 8102* 85< W5' , 8M-/F 02>M02* 8M* -/B1-/> X z G7* =M-/9181I ' ,L6 >M' 91>1O1. N/' G N/' ,|: 81)5< -/@+� 876 * >+3* 8�-/F * I 8�* .73�:7< >1T/81I @+34* 8+Gh-/' * >+* 819+< 02-/F 6 81G�91O7>5< 0/, 8+Gh-/'�)+> N/F 6 >�>191=�* >�G7918+R2B1T/< >�:7< >16 �102-/>1* > X

�n� ��� ������� �n���4���/��� �~�7���D¢;�C� �n���L¢��n¢;�C���M�
� 'n*7< 3n-/' N2=+: 81G13�* }~64* -/.1-/@1* }~61K1G79187N2F * 8+G7-/'n=1* <7.h-/' * >1* =19+< 02.D* }~64>16 *7< )+' < -/F 6 }C64' , 6 >5<702* >7N2' I BD-/F 02>02'DF 6 >S-|< )+I =

2−D * -/B7-/> B
* .13h' < )+=76 >13 X z G1* B;.�G191= N/' 02.;91>1I 8+G70/< @1� ' </: G702)+87O1, ' 3h02*7< 3h02)1.16 F 3h-/'9187O7O1>191O1@�)5< 6 8+�7-/' 6 >u>16 *7< )+' , -/' 6 >�BM02'�02)+.76 F 3;=+9181GM:7< >1T/81I ' *7< )+@�)+81-/-/@+* < >u* 81G�, :7< 8+GM>16 *7< )+' < -/F 6 8+G

)+< 6 81�16 * >+<D02'�:7< >+T28+I ' * < )1F 3H)1>+* ' G N2�16 02' < 3 X ¤C@+6H* 8s-/F V5' N/813u* 8+Gs* -/B1-/>1* 8+3u-/' < }LN2' , Kh* =1* '�>+G7* Bk.G791=7N2' 02.;V2, 6 ' * >+</9+< 8JF V5)1G1I . X �D>1I @J* >+�7* >5K/* 8S*7, -/.7-/>J* .13hG79181O787V2< 0/< -/=7* .7* >+3�)1>5<2* .73�-/' * @+: 8102.13h* .7391O7.1I 81T/81I7, >+3h* .73h-/' * >1* =19+< 02.73h>1G1U @16 ' * >5< X&�-/' * >1* =19+< 02.
d̄
-/918+I ' ,+6 >�' )+* < -/. N/' ,+-/'�02G702W5F *7< 02.hBh-/'4* ' W567< )+F 34* >5< I7< @102-/>+* 813 X~� ¤C* 0/< K+.�-/' * >1* =7E9+< 02.

d̄ = (i, j)
-/9181I ' ,/6 >S' 9+< O1' W1N2' ,2PC02* 'D6 >S' O1>1W2< 02* 819185< ' ,/)1@+918+< >S-/' * I7< )+B;* 81G;O1@ N/81G13h91I =7Q+O7' R/.737{

PE(d̄) =
∑

(N(s(n1, n2, t)− s(n1 − i, n2 − j, t− τ)))
? � X � � A

=1918+G
N()
' , 6 >+<+-|, >�-/' * I7< )1B;? 6 =+I -/>+A K+=+91}~34* 8�-/F * I 8

L1
Bh.D* ' * I >+V5}~67< )1B�6 =1I -/>

L2 X~� ¤CW5876 * >+3�Q1I ' <1* 8)1>+O7�1* ' I 8J:7< @+6 G702-/>2K2=7O1>S* >S' < )1816 8102* 85< W5' , >
z ∈ B 91I 81Q1O1F 91876 * >5< K/)+}~:7< )18+918+< 8+�16 * >+</)+>+</-/' * >+: , : 816 * >5<W5I .70/< -/819185< PC6 * >13�>1G1* B;* .16�* < -/B�* 8+G

d̄ X� 3J91>1I @+: ' < V5-/>H-/9181I 8+�7-/'J6 >MN/' }~I B10281G1-/';F 6 >H* -/B1-/>
M × N

' < )+876 8+02* 8+< W5' , }C6�V5�7I }_>+91=HF 6 >
' < )+876 8102* 8+< W5' , 8

x0
02* 8�91>1I =16J91O7>5, 0/< 8u* .M02* < V5-/B

t X � 9187N2F * 816 * >13S-/F V2< 02* ' 3�8+I7< � =16 * < ' 3;)+>+<~)1@7N2' * ' 3-/' * >1* 8+9+, 02' < 34* }C6
dmax
' < )+876 8+02* 8+< W5' , }~61K5.�91' I7< 81W5B�R2>+U7, -/>1* 813D* 81G�' O7>+W2, 02* 8+G�* .13

PE(d̄)
:7, 6 ' * >5<+>+91=

* .;02W5F 02.S{
x0±

(
1
2
(M − 1) + dmax

1
2
(N − 1) + dmax

)

�_>1I7< N2-/=+3h* }C6�' < )1876 8+02* 85< W5' , }~6�0 � >+G7* B;* .;91' I7< 87W5B;:7, 6 ' * >5<2>191=J* .�02W5F 0/.S{
(M + 2dmax)(N + 2dmax)

? � X � �1A
� ¤C* 0/<|' @16S* 8J-/F V5' N/813�* 81GJ* -/B1-/>1* 8+3�' , 6 >+< 9 × 9

)+>+<|W5I .10/< -/8+918+< ' , * >+<|.J-/F V2< 02* .S-/' * >+* =+9+< 02.J* 81G
dmax = 10

K~.M91' I7< 87W5B�>16 >+� B7* .702.13;02* 8�91I 8+.7V58+�7-/' 6 8u91O1>+, 0/< 8JN/>�91' I7< F W5' <
29 × 29

' < )+876 8+02* 8+< W5' , > X
� , >H>1T/' O7B13S-/F N28+: 813J>16 >+� B7* .702.13�N2>uG19187O7=1V2< � 'S* .76J' U7, 02}~0/.H? � X � � AhV2< >u)1@7N2'S-/' * >+* =+9+< 02.�* }C6J' < E)1876 8+02* 85< W5' , }~6�02* .16J8+I7< � =16 * < >H)1>5<~02* .76M)1@7N2' * .�)+>1* ' � N/G76 02.�)+>+<LN2>H:7< @+O7' V5'S* .76M' O7@+W2< 02* . X z G1* =N2>J>+91>+< * 81�102'

(2dmax + 1)2 G79181O787V2< 02-/8+�73�* .13�' U7, 02}~02.13;? � X � � A X ¤C9+< 91O7F 8161K|>16;: ' 6;91' I7< O1>1-2Q+@16 816 * >+<-/' * >1* 8+9+, 02' < 3;)1O1>102-/>+* < )1PC6J>1918+02* @102' }C6S* }C6S' < )1816 8102* 85< W5' , }C61K~.M>+)1I7, Q+' < >u-/';* .16S819185, >u91>+, I 6 8+G7-/'
* 8

D
91' I7< 81I7, � ' * >5<+02* 8�F 6 >�' < )1816 8102* 85< W5' , 8 X z I )+' * F 34>+91O78+918+< B702' < 34F W58+G76h91I 87* >7N2' ,502* .hQ+< Q1O+< 87V5I >+T/, > X

� ¤C6 >13�* �191813h>+G7* P~6�* }C6�>+91O78+918+< B702' }C6�' , 6 >+<2.;W5I B702.;-|< >+3hG79187O187V2< 02*7< )+@S>191O1B73h6 =+I -/>13�02* .16S? � X � � A {

� �
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PE(x0, i, j) =
1

MN

∑

|m|≤M
2
,|n|≤N

2

∑
|b(xmn, t)− b(xm+i,n+j , t− τ)|2 ? � X �+� A

PE(x0, i, j) =
1

MN

∑

|m|≤M
2
,|n|≤N

2

∑
|b(xmn, t)− b(xm+i,n+j , t− τ)| ? � X �7� A

=1918+G
−dmax ≤ i, j ≤ +dmax

xmn = x0 + [m,n]
′
.

? � X �7� A
�k: ' �7* ' I 813C81I7< 02-/=+3C* 8+G

PE(d̄)
02* .76n' U7, 02}~02.h? � X �1� A/F W5' < * 8D91O7' 816 F )1* .7-/>D=1* < : ' 6n>191>5< * ' ,7)1>7N2=1O78+G9187O7O1>191O1>10/< >102-/8+�73 X ¤C9+, 02.737K2F W5' <291>1I >+* .1I . N/' ,291' < I >1-/>+* < )1@J=7*7<28S>+)1I7< Q1B13h81I7< 02-/=13h* 81G PE : ' 6�F W5' <02.7-/>+6 * < )1F 3�02G76 F 91' < ' 3h02* .�918+02=7* .7* >S* .73h>+6 >1� B1* .102.73�B;02* .76�>1)+I7, Q1' < >J* 81GSG79187O187V2< 02-/8+�;* 8+G

D
)+>+< K

F * 0/<5O1=7V5}s>+91O7=1* .7* 8137K2* 8S)1I7< * B7I7< 8�? � X �7� AnV5' 67< )1@J91I 87*7< -/@+* >+< X�487O1O7F 3;-/F N/81: 85<LF W581G16S-/' O1' * . N/' ,LV2< >�* .76S>191O1819185, .102.J* .73;:7< >+:7< )+>10/, >+3S* .13�>+6 >+� B7* .702.13 X ¤C-/' , 391' I7< V5I @1T/81G1-/'n* I ' < 3n>+91=h>+G7* F 3 {�? >5A'0;< :7< @+02* >1* .DO187V5>1I7< N2-|< )1Bh>+6 >1� B1* .102.�K2? Q+AL>+6 >1� B1* .102.D* I7< P~6�Q1.1-/@7E
* }~61K/)1>5<~? V2A�* I 81918+918+< .7-/F 6 .S)+>1* ' � N/G76 02.;>+6 >1� B1* .102.73 XD� 'h=7O7>J>+G7* @5K/8J02* =7W5813�' , 6 >5</6 >J>191>5< * 81�16 * >5<=1028J* 8J: G16 >1* =76;O+< V5=7* ' I ' 3�-/' * >1* 819+, 02' < 3�)+>+</F * 0/</6 >MG79187O187V2, 0281G1-/'h* .76

PE
=+028J* 8J: G16 >1* =76;O1< V5=1* ' E

I ' 3�T/81I F 3J? )+@ N/'�-/' * >+* =+9+< 02.S>191>5< * ' ,|F 6 >+6;G79187O187V2< 02-/=M* .73
PE
A X �h>+* @M* .J-/' , }~02.S* 8+GS>+I7< N/-/81�J* }C6-/' * >1* 8+9+, 02' }~6h.�G191= N/' 02.�918+G�02G76 B N2}C34V2, 6 ' * >5<5' , 6 >5<5=7*7<5.

PE(x0, i, j)
>+G7U @+6 ' * >+<2-/876 =1* 876 >S)1>7N2PC3D.

-/' * >1* =19+< 02.
(i, j)
>1918+-/>1)+I �76 ' * >5<2>+91=S* .hN/F 02.�* 8+G�' O1>1W2, 02* 8+G X

� � � ��! ��#�&�)�# � � !"� #%$'&�(%&*)�#�� ��)�(!�"� �(" � � ��# ��/"(��	�%&*)�$�)�#

� * .S:7< :7< @102* >1* .;O187V5>+I7< N/-|< )+BS>+6 >1� B1* .102.+K/8M>1O1V5=1I7< N2-/8+3�>+)18+G7O181G N2' ,|* .76;)1>+* ' � N2G16 02.;* .73�' O1@1W2< 02* .7391>1I >+-/=1I T/}~02.13 X
� '�)1@7N2'JQ+B7-/>2K491F 6 * 'M-/' * >1* 819+, 02' < 3�' O7F V5W5876 * >+<�=+91}~3�T/>+, 6 ' * >+<�02* 8k02W5B1-/>s� X � � X&
>+91=102* >+02.J-/' * >+U �J* }C6S02.7-/' , }C6;=+9181GMV2, 6 ' * >+<L.J>16 >+� B7* .702.M-/' < PC6 ' * >+<L' @16S* 8M' O1@1W2< 02* 8MQ1I7, 02)+' * >+<
' , * 'h02* 8J)+F 6 * I 8J* .73�91' I7< 81W5B73�>16 >+� B1* .102.737K/BS02* >J=+I7< >M>1G1* B13�* .13�91' I7< 87W5B73 X � < >J* 8M91>1I @+: ' < V5-/>M9181GT2>5, 6 ' * >5</02* 8M02W5B7-/>�� X � �S91F 6 * 'hQ1B1-/>1* >M>191>5< * 8+�76 * >5<|V2< >M6 >M91@1I 8+G7-/'�* 8J:7< @16 G102-/>J-/' * >1* =19+< 02.13�02* 802.7-/' , 8

(i, j) = (2, 6) X
� � � ��! ��#�&�)�# ��/"(��	�%&*)�$�)�# � �1� ��/���)�" #%&���/

� * .;-/F N28+: 8S* .73h>+6 >1� B1* .102.73h* I7< P~6�Q1.1-/@1* }C61K287W5* Ps* G1W5>+, >S* 819187N2' * .7-/F 6 >S' < )1816 8102* 85< W5' , >JV5�7I }s>+91=* 8J' < )1816 8102* 85< W5' , 8M02* 8
x0
' O1F V5W5876 * >5<|02* 8J91I PC* 8SQ+B7-/> X�� * 8M: ' �1* ' I 8JQ1B1-/>5K|91@+O1<|W5I .70/< -/819185< 8+�76 * >5<87W5* P�' < )1816 8102* 85< W5' , >MV5�7I }�>191=M* 8J' < )+876 8102* 8+< W5' , 8M* .13h' O1@1W2< 02* .73

PE
.S819185, >SQ+I7, 02)1' * >5</02* 8S91I PC* 8

Q1B1-/>5K/>+O7O1@J02'D>+G7* =J* 8SQ1B1-/>J.;:7< @1* >+U .S>1G1* PC6�' , 6 >5</)1>+O7�1* ' I .S>191=M* 8J91I P~* 8SQ+B7-/> X4� 8J02W5B7-/>M� X �7�: ' , W56 ' <+* >�02.1-/' , >
x0 +(3, 3)

′ )1>5<
x0 +(3, 5)

′ }C3�91I PC* ' 34)1>5<1: ' �1* ' I ' 3491I 8102' V5V2, 02' < 3�>+6 * , 02* 85< W5> X z G7* B.�:7< >1:7< )1>+0/, >;02G16 ' W2, � ' * >+<5V2< >;>1)+=1-/.�F 6 >�Q+B7-/>2K5-/'4>+9187* F O1' 02-/>;* 8;* ' O+< )+=;:7< @+6 G702-/>;-/' * >+* =+9+< 02.73D02* 8
' < )+876 8102* 8+< W5' , 8

x0 + (2, 6)
′


 � ��$�(!��" �%$�"��*/�) +.(%&�� �	�($%/1$�)���/"(��	�%&*)�$�)�#
&q91I 8+02>1I -/8+02-/F 6 .H)+>1* ' � N/G76 02.H>+6 >1� B1* .102.737K402* .16�>+91O7Bk-/81I T/B+K4>+6 >1� .1* @s* .76u)+>1* ' � N/G76 02.H* .73M' E
O7@+W2< 02* .13

PE(x0, i, j) X ¤n, 6 >+<4-|, >�-/F N28+: 813u: �78sQ1.1-/@1* }C6 X�� * 8s91I PC* 8kQ+B7-/>2KD-|, >�>16 >+� B7* .702.kV2, E6 ' * >+<4)+>1* @�-/B1)18+3u* .73u8+I7< � =16 * < >13H)1>+* ' � N2G16 02.73 X �4I PC* >5K�G79187O187V2, � ' * >5<4* 8�' O1@1W2< 02* 8�-/' * >1U �s* }C6
PE(x0,−1, 0)

K
PE(x0, 0, 0)

)1>5<
PE(x0, 1, 0) X ¤C@+6n* 8 PE(x0, 1, 0)

' , 6 >+< * 84' O1@1W2< 02* 85K7* =1* '~* 8
PE(x0, 2, 0)G79187O187V2, � ' * >5<2' 9+, 02.737K5)+>+</02G7V5)+I7, 6 ' * >5< X z )+87O78+G N/P~6 * >+3�>1G1* =76�* 816�* I =+9185K/8S>1O1V5=1I7< N2-/8+3�91I 8102:7< 8+I7, � ' <* 8S' O7@+W2< 02* 8S02* .76�8+I7< � =16 * < >S)+>1* ' � N/G76 02.5K2=7* >+6�Q1I7, 02)1' * >+<2-/' * >+U �;* }~6�: �78SG1R2.1O7=1* ' I }C6�*7< -/PC6�V2< >S* >

� &
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� W5B7-/>�� X � �5{ z 6 >+91>1I @+02* >102.h* .13n:7< :7< @102* >+* .13nO187V5>1I7< N2-|< )1B13�>16 >+� B7* .702. X �h<7-/' * >1)5< 6 B702' < 3n0/* .D91' I7< 87W5B>16 >+� B7* .702.13S* 8+G�91I 8+.7V58+�7-/' 6 8+Gu91O7>5< 0/, 81GuT2>5, 6 876 * >5<C02'S02W5F 02.�-/'S* 8u' < )1816 8102* 8+< W5' , 8
x0

02* 8u91>+I =76
91O7>5, 0/< 8 X ¤C: PH* >�:7< >+6 �702-/>+* >�-/' * >+* =+9+< 02.73 (0, 2)

′
, (0, 4)

′
, (2, 4)

′
, (2, 5)

′
, (2, 6)

′ Q1I7, 02)+876 * >5<+02* >�Q1B7-/>+* >
� K � K � K � )+>+</� XC� 8 dmax ' , 6 >+< & ' < )+876 8+02* 85< W5' , > X
V5' < * 8767< )1@H' < )1816 8102* 85< W5' , > Xs� * 8H: ' �7* ' I 8�Q+B7-/>2KCW5I .10/< -/8+918+< ' , * >+<C.u, :7< >H* ' W567< )1BuV2< >H6 >HG79187O187V2< 02* ' ,* 8�' O7@+W2< 02* 8�02* .76J)1>+* >1)+=1I G1T2.�)+>1* ' � N/G76 02. XJ� 8�02W5B1-/>u� X � � : ' , W56 ' <LF 6 >�91>+I @1: ' < V5-/>u* .73;-/' N/=1: 8+G91I 8102>+I -/8102-/F 6 .13;)+>1* ' � N/G76 02.13;>+6 >1� B1* .102.73;02* .76J819185, >u* 8u>19181* F O1' 02-/>�* }C6J: �78�Q1.1-/@1* }C6S' , 6 >+<~* >
' < )+876 8102* 8+< W5' , >

x0 + (2, 0)
′ )1>5<

x0 + (2, 6)
′ >+6 * , 02* 85< W5> X

� ��" (%&�(��  ��� ��- )�$�)�#

¤n, 6 >+<5T/>16 ' I =;=7*7<+)1>5<58+<+* I ' , 34-/F N28+: 8+<5>16 >+� B7* .702.13�Q+>10/, � 876 * >+<502'�)+@19185< 81G13D' G7I7< 02* < )18+�734>+O7V58+I7, N/-28+G73
)1>5<|>+6 * < -/' * }~9+, � 8+G76S: G102)181O1, ' 3;02'�9187O1O7F 3;91' I7< 91* P~02' < 3 X�� �D91}~3;91I 81>+6 >1T/F I N2.1)1' K~.JG19187O781V2< 02* < )1BM9187EO7G191O78+)1=7* .7* >S* .73h-/' N/=1: 8+G;>16 >+� B7* .702.13h02W5' *7, � ' * >+<2-/'h* 876�>+I7< N/-/=S* }C6�-/' * >1* 8+9+, 02' }C6�V2< >S* .73h8+918+, ' 3
.
PE
91I F 91' <|6 >JG19187O187V2< 0+N2' , X �
9+, 6 >+)1>+3;� X � : ' , W56 ' <|-|, >J02�1V5)1I7< 02.J* 81GJ>1I7< N2-/8+�J* }~6;-/' * >+* 819+, 02' }C6>16 >+� B7* .702.13�)1>5<L* 8+GJ>+I7< N/-/81�M* }C6;:7< >1: 81W2< )+P~6SQ1.1-/@1* }~6S9181GM>191>5< * 8+�76 * >5<LV2< >�)+@ N/'�-|, >�>191=�* .73;91>7E

I >191@+6 }s-2' N/=+: 8+G73h>+6 >1� B1* .102.73 X �4I F 91' <26 >;02.1-/' < }LN2' ,2=7*7<5.�>+)1I7, Q+' < >S* .73h' )1*7, -/.702.13D-/' * >1* =19+< 02.13D* .73-/' N2=+: 81GM* }~6S* -/.7-/@+* }~6SV5' 67< )1@�91' I7< 8+I7, � ' * >5<L02* >
0.5
' < )1816 8102* 85< W5' , > X �D>M-/918+I 81�102'�6 >�>1G1U . N/' ,L-/'* 8S91' I7< O7@1Q1' </91>+I ' -2Q1>+O7=+-/' 6 ' 3�*7< -/F 3�* }~6�' < )1816 8102* 85< W5' , }C6�)+>+<|F * 0/<26 >JT/>+, 6 ' * >+</)+>1O1�7* ' I >J* 8S91O1F V5-/>

02* >;02W5B1-/>1* >J� X � � E � X � �+X � 02* =10282K5.;G19187O787V2< 02* < )1B;9187O1G791O181)+=7* .7* >S' , 6 >+<202G16 B N/}~3h>191>+V581I ' G1* < )1B X

Y�Z 
���
���^��4^����;^����Sbng;v��|ik^��;^��2^���y�lng�y p��Dt v��(vSg �!��l��2r ��o!" ^ ��o

� 'D>1G1* =S* 8;G19181)+' T2@+O7>5< 8�N2>S-/' O7' * B7028+G7-/'D>1I W2< )1@S* .76�' U7, 02}C02.�8191*7< )+B73hI 81B13�? ¤��#"nA X/� * .;02G76 F W5' < >5KN2>S02G7� .1* . N28+�76�85<2-/F N28+: 8+<2' )+* , -/.102.73h8191*7< )+B73hI 8+B73�9181G;W5I .70/< -/819185< 8+�76�* .16�¤��#" X
� �



�����������
	 �
������������	 �����
������	 ������������	 ��	 �������������
��	 �
�������

-6 -5   -4   -3  -2  -1 1 2 3 4 5 6+ + + + + +

+6

-6

-5

-4

-3

-2

-1

+1

+2

+3

+4

+5

X
0

1

2

1

11

1

11

1

1

2

22

222

2

3

33

3

3

3

33

� W5B7-/>u� X �7� { z 6 >191>+I @102* >+02.M* .13�:7< >1:7< )1>+0/, >13S* }~6S* I7< PC6;Q1.1-/@1* }C6 X ¤C: P�K (3, 3)
′
, (3, 5)

′
, (2, 6)

′ ' , 6 >5<* >S:7< >+6 �702-/>+* >S-/' * >1* =19+< 02.73h9181G�Q+I F N2.1)1>+6�02* 8 � K � )+>+< �+XC� 8 dmax ' , 6 >5< & ' < )1816 8102* 8+< W5' , > X
�h, 6 >+)1>+3�� X � { � 9187O187V2< 02* < )1B;9181O7G191O78+)1=7* .7* >S>1O1V581I7, N2-/}C6�* >5< I7< @102-/>+* 8+3h* -/.1-/@1* }C6

0;< >1:7< )1>+0/, > z 91>5< * 81�1-/' 6 813�>1I7< N2-/=+3 z 91>5< * 8+�7-/' 6 8+3h>+I7< N/-/=13
>16 >+� B7* .702.13 02.7-/' , }C6h>+6 >1� B1* .102.73 02' < I7< >1)+P~6�Q1.1-/@1* }~6

> Q > Q
� 87V5>+I7< N/-|< )+B;>16 >+� B7* .7* . � � �+� � �z 6 >+� B7* .702.;* I7< P~6hQ+.7-/@+* }C6 � � � � � ��4I 8+02>1I -/8+02-/F 6 .;)1>+* ' � N2G16 02.�>+6 >1� B1* .102.73 � � � � � �7�
>+A � < >SF 6 >SW5}~I7< )1=J:7< @+6 G702-/>S-/' * >+* =+9+< 02.73 (2,−6)�Q+A � < >S* .76�W5' < I =7* ' I .;91' I7, 91* }~02.

�n� ��� ��� ���~� ���J�4��� �n�~� ���n�	� �
�n�
z 3JG1918 N/F 0281G1-/'J=7* <

sc(x1, x2, t)
' , 6 >+<n.u02G76 ' W5B13JW5}~I 81E W5I 8167< )+BH)1>+* >16 8+-/BuF 6 * >102.13 X z 6�.uF 6 * >102.91>1I >+-/F 6 ' <202* >7N2' I B�)+>1* @S-/B1)18+3h* .73h* I 87W2< @13�* .13D)5, 6 .102.737K1N/>SF W581G1-/'�{

dsc(x1, x2, t)

dt
= 0

? � X � � A
=1918+GH* >

x1, x2
-/' * >1Q1@+O7O1876 * >5<n-/'J* 8

t
02�1-/T2}C6 >k-/'J* .16�* I 81W2< @k* .73M)5, 6 .702.13 X &q:7< >+T2=+I7< 02.H02* .76' U7, 02}C02.M? � X � � A�' , 6 >+</87O+< )+BS)1>5</: .7O1P~6 ' </* 8JI G N/-/=S-/'h* 816�8+918+, 8J-/' * >1Q1@+O7O1' * >+</.SF 6 * >102.S)1>+* @J-/B1)18+3* .13D* I 87W2< @+3h* .73h)+, 6 .702.13 X�� I .70/< -/819185< PC6 * >+3h* 876�)1>+6 =76 >J* .13h>1O1G70/, : >+3 K2-/918+I 81�1-/'D6 >SV5I @+R28+G7-/' {

∂sc(x; t)

∂x1

υ1(x, t) +
∂sc(x; t)

∂x2

υ2(x, t) +
∂sc(x; t)

∂t
= 0

? � X � �7A
=1918+G

υ1(x, t) = dx1/dt, υ2(x, t) = dx2/dt
: .7O7PC6 81G16�*7< 3n02G767< 02* PC02' 3C* 81GD:7< >16 �102-/>1* 8+3n* >+W5�7* .7* >13n* }C6

02G76 ' * >+V5-/F 6 }~6;02'�02W5F 02.S-/'�* < 3�02G16 ' W5' , 3�W5}~I7< )1F 3�02G16 * ' * >+V5-/F 6 ' 3 X &�F )+T2I >+02.�? � X � �7A4' , 6 >5<|V56 }~02* B

� �
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� W5B7-/>M� X � � { z 6 >191>+I @102* >+02.S' 6 =+3�>191O1819185< .1-/F 6 81GS-/816 * F O78+G;91I 8+02>1I -/8+02-/F 6 .73�>16 >+� B7* .702.13 X ¤C: Ps* 8:7< @+6 G702-/>S-/' * >+* =+9+< 02.73h' , 6 >5<2* 8
(2, 6)

′ )1>5<5Q+I7, 02)+' * >+<202* 8;Q+B7-/> �+XC� 8 dmax ' , 6 >5< & ' < )+876 8102* 8+< W5' , > X
}~3h.;' U7, 02}C02.�* .73h8191*7< )+B73hI 8+B73hB;02>+6�91' I7< 8+I7< 02-/=13h* .73h8+91* < )1B13hI 81B13 X
0;< >1T/81I ' *7< )+@S.;' U7, 02}~02.J? � X � �7An-/918+I ' ,26 >SV5I >+T2' ,/}~3h' U B13 {

〈∇sc(x; t), v(x, t)〉+
∂sc(x; t)

∂t
= 0

? � X ��& A

=1918+G ∇sc(x; t) = [∂sc(x;t)
∂x1

∂sc(x;t)
∂x2

]T
)1>5<+.hF )+T2I >+02. 〈·, ·〉 : .1O7PC6 ' <1* 8�' 02}~* ' I7< )+=�V2< 6 =1-/' 6 8�:7< >16 G102-/@1* }C6 X

� * .16�91I @1U .5K/.;' U7, 02}~02.;¤��#"_? � X � �7A�: ' 6�' , 6 >5<2>+I )1' * B;V2< >J* 8S-/816 >1:7< )1=M91I 8102:7< 8+I7< 02-/=J* 81GS91' :7, 81G* .13n:7< :7< @+02* >+* .13�* >1W5�1* .1* >13h? I 8+B73 A K+>1)+I7< Q+P~34=191}C3�02G1-2Q1>5, 6 ' <1)1>5<1-/'�* .164' U7, 02}~02.;? � X � A X &�¤��#"H91>1I @1EV5' <2-|< >;Q+> N/-/}~* B;' U7, 02}~02.;-/'h: G18S>+V56 P~02* 8+G737K
υ1(x, t)
)+>+<

υ2(x, t)
V2< >J)1@7N2'

(x, t) X �D< 8JO1' 91* 81-/' I B13-/' O7F * .M* .73�? � X � & AD>+9181)+>1O1�791* ' <~=7*7<L-/918+I 81�1-/';6 >u' )1*7< -/B70/81G7-/';-/=16 8�* .M02G16 < 02* PC02>M* 8+GM:7< >16 �102-/>7E* 813S* .13;I 81B13;* 8�8+918+, 8�Q1I7, 02)+' * >+<L' 9+,~* .13;:7< ' � N2G16 02.73;* .73;W5}CI7< )+B73S)1O+, 02.13;* .13;' < )+=76 >+3 ∇sc(X;t)
‖∇sc(X;t)‖

K~.
819185, >;816 81-/@+� ' * >+<2)1>+6 8767< )1B;I 81B

υ⊥(x, t)
K5)1>5<5>+G7* =;V2< >+* ,2.�02G167< 02* P~02>�.�819185, >;' , 6 >+<58+I N287V5PC67< >S02* .16

)1O+, 02.S>+G7* BS' U >1T/>167, � ' * >+<|-/'�* .16�' T/>1I -/87V5BJ* 8+GS' 02}C* ' I7< )18+�SV2< 6 =1-/' 6 8+G X z G7* =JT/>+, 6 ' * >+<|02* .16�' < )1=76 >� X � � K/=1918+GJ=7O7>M* >J:7< >16 �102-/>1* >M* }~6;8+918+, }C6;8+<|)18+I G7T/F 3�Q1I7, 02)1816 * >+<|' 9+,|* .13�:7< >+)1' )+81-/-/F 6 .13�V5I >1-/-/B13< )+>16 8+918+< 8+�16�* .16�' U7, 02}C02.J? � X ��& A X &_)1>+6 8767< )1BSI 81B;-/918+I ' ,26 >SG19187O781V2< 02* ' ,2>+91=S* .76S? � X ��& An}C3h' U B737{

υ⊥(x, t) =
−∂sc(X;t)

∂t

‖∇sc(x; t)‖
? � X � � A

� ¤C* 0/< K/.;¤��#"�? � X � �1ACN2F * ' <2F 6 >16;91' I7< 8+I7< 02-/=J02* .S02G767< 02* P~02>S* 8+G;:7< >16 �102-/>1* 813�* .73�I 81B13�* 8J819185, 8' , 6 >+<202* .�:7< ' � N/G76 02.;* .73hW5}CI7< )+B73h)+O1, 02.13D* .73hF 6 * >+02.73h* .13h' < )+=76 >+3h02'D)+@ N/'h02.7-/' , 8M? ' < )1816 8102* 85< W5' , 8+A K
)1>5<~8u8+918+, 813J' , 6 >5<~02�7-/T/}~6 8+3S-/';* 8u91I =1Q1O1.7-/>u* 8+G�:7< >+T2I @+V5-/>1* 8+3 X �4>+I >1* .7I B102* ';=1* <~.�¤��#"�91I 87E02F V5V2< 02.�>+91>+< * ' ,n=7*7<C91I P~* >2Kn.uW5}CI 87E W5I 8167< )+BuF 6 * >102.u* .13J' < )+=76 >13M' , 6 >+<C:7< >1T/81I7, 0/< -/.5Kn)+>+<n: ' �7* ' I 8761K
=7* <2G791@+I W581G16h85<5-/' I7< )1F 3h91>1I @+V5}~V585<2* .134F 6 * >102.13 X �4>+I >1)+@+* }nK291>+I 81G10/< @+� 81G1-/'D>1I )+' * F 3h91I 8102' V5V2, 02' < 3' )1*7, -/.702.13D* .73h8191*7< )+B73hI 8+B73�>191=S' )+* < -/B702' < 3h* .73h)1>+6 8767< )1B13�I 81B73 X

� �
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� W5B1-/>J� X � � { � 9187O781V2< 02-/=13�* .13D8+91* < )1B13hI 81B13

�n� ��� ������� �n���4� �
�7��  � �~� �

J� �
£�	~�L� �L������� �|�C�
� * .16S>+6 >1� B1* .102.J' 6 =+3;@+O7O181GM9+' I < 81I7< 02-/8+�M8�8+918+, 813�N/>�91' I7< )1O1' , ' <L)1>5<L*7< 3;: G78u02G767< 02* P~02' 3;* 81GM:7< >7E6 �702-/>+* 813�* .73�I 81B13�02'h)+@ N/'�' < )+876 8102* 8+< W5' , 85KL>1I )+' * 8+,|' I ' G16 .7* F 3

[Nag 87, Ura 88]
91I =1* ' < 6 >16;-/' * >+U �

@1O1O7}C6�* .;:7< >+* B1I .702.;* .13DW5}CI7< )+B73�)1O+, 02.13D* .73h' < )1=76 >+3 ‖∇sc(x; t)‖ K2.�8+918+, >J:7, 6 ' * >5<2>191=J* .16�' U7, 02}C02.

d∇sc(x; t)

dt
= 0

? � X ��� A

� < >�' )+* , -/.102.h* 81G�91' :7, 8+Gh* .73�I 8+B737K+918+Gh91>5, I 6 ' * >+<+>191=�* .76�? � X � � A K1:7, 6 ' * >5<1>+91=�* .164' U7, 02}~02.;? � X � � A
[
υ̂1(x; t)
υ̂2(x; t)

]
=




∂2sc(X,t)
∂x2

1

∂2sc(X,t)
∂x2x1

∂2sc(X,t)
∂x1x2

∂2sc(X,t)
∂x2

2



−1 
 −

∂2sc(X,t)
∂t∂x1

−∂2sc(X,t)
∂t∂x2


 ? � X � � A
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�n� ��� ��� � ���C�|�L���
�
�|�n���_� �|�n�4�C� � �n�L����¢ �n¢;�C�|�
� < >S@1O1O7.�91I 8+02F V5V2< 02.;V2< >S6 >SG791' I )+' I @1028+G7-/'h* 8;91I =1Q1O1.7-/>S* 8+G�:7< >1T/I @1V5-/>+* 813�' , 6 >5<26 >;)+@16 8+G7-/'h* .16G791=7N2' 02.M=7*7<L* 8u:7< @+6 G702-/>�* .73;)5, 6 .102.73;' , 6 >+<~02* > N/' I =�02'�F 6 >u02G7V5)+' )1I7< -/F 6 8�* -/B7-/>u* .73S' < )+=76 >137KC* 8
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 Xh� '>1G1* B16�* .16�91' I7, 91* }~02.;F W581G1-/'�{

v(x, t) = v(t) = [υ1(t) υ2(t)]T , for x ∈ B ? � X � �+A
z 6D)1>5<+F 6 >�* F * 8+< 8�-/876 * F O78�: ' 6D-/9181I ' ,+6 >�W5' < I7< 02* ' ,+* .16491' I7< 02* I 81T|< )+Bh)5, 6 .702.5K+' , 6 >+<+: G76 >+* =�6 >�' )1*7< -/B E
0281G1-/'h-/876 >1:7< )1@MF 6 >J:7< @16 G702-/>J-/' * >+* =+9+< 02.13h-/'h* .76�91I 8��791=7N2' 02.S=7*7</* 8J* -/B1-/>S* }C6�' < )+876 8+02* 8+< W5' , }C6
91' I7< F W5' <2' 91>+I )1B;:7< >7Q+@ N/-|< 02.;* }~6�* =76 }C6�* 8+G;V5)1I7< Xz 3�81I7, 0281G1-/' K2* P~I >2K/* 8S02T/@1O7-/>J9181GS91>1I @+V5' </.;' U7, 02}C02.;8191*7< )+B73�I 81B13hV2< >J* 8S* -/B7-/>S* .73h' < )1=16 >13
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E =
∑

X∈B

(
∂sc(x, t)

∂x1

υ1(t) +
∂sc(x, t)

∂x2

υ2(t) +
∂sc(x, t)

∂t

)2 ? � X �5� A

� 8�O1@ N/813� �91I F 91' <L6 >�' O1>1W2< 02* 819185, ' < * >+<~V2< >u)1@+918+< 8 υ̂1(t)
)+>+<

υ̂2(t) X � 9187O187V2, � 876 * >+3S* < 3;-/' I7< )+F 391>1I >+V5P~V58+G73h* 81G�02T/@1O1-/>1* 8+3  k02'402W5F 02.�-/'4* >
υ1(t)
)+>+<

υ2(t)
K5>16 *7, 02* 8+< W5>2K5)+>+<1N/F * 876 * @13D>+G7* F 3D, 02' 3

-/'D-/.7: F 61K+N/>;F W58+G7-/'�{
∑

X∈B(∂sc(x,t)
∂x1

υ̂1(t) + ∂sc(x,t)
∂x2

υ̂2(t) + ∂sc(x,t)
∂t

)∂sc(x,t)
∂x1

= 0
∑

X∈B(∂sc(x,t)
∂x1

υ̂1(t) + ∂sc(x,t)
∂x2

υ̂2(t) + ∂sc(x,t)
∂t

)∂sc(x,t)
∂x2

= 0=1918+GJ* 8
.̂
: .7O1P~6 ' <|* .16;' )1*7, -/.702.S* .73�>16 *7, 02* 85< W5.13�918+02=7* .7* >+3 X ¤C9+< O7�1876 * >+3�>1G1* F 3�* < 3�' U7< 02PC02' < 3�* >+G E* =7W5I 816 >5K/91I 81)+�791* ' <2=7*7<

[
υ̂1(t)
υ̂2(t)

]
=



∑

X∈B
∂sc(X,t)
∂x1

∂sc(X,t)
∂x1

∑
X∈B

∂sc(X,t)
∂x1

∂sc(X,t)
∂x2∑

X∈B
∂sc(X,t)
∂x1

∂sc(X,t)
∂x2

∑
X∈B

∂sc(X,t)
∂x2

∂sc(X,t)
∂x2



−1 
 −

∑
X∈B

∂sc(X,t)
∂x1

∂sc(X,t)
∂t

−∑X∈B
∂sc(X,t)
∂x2

∂sc(X,t)
∂t


 ? � X �+� A

¤n, 6 >5<1: G16 >1* =�6 >�>+G7U B10281G1-/'n* .764' 95, : I >+02.h* }C6491' I7< 8+I7< 02-/P~6D91I 8+3�* 8�)1F 6 * I 8�* 8+Gh* -/B1-/>1* 8+3 B >16 *7< E)1>7N/< 02* P~6 * >+3C=7O1>D* >D>7N2I 85, 02-/>+* >D-/'C02* > N/-|< 02-/F 6 >4>7N2I 85, 02-/>1* > XC� < >D)+>1* @1O1O7.1O7.402G76 @+I * .102.�02* >7N2-|, 02' E}~3�-/918+I ' ,16 >�' , 6 >+<1* .73�-/81I T/B73�' 6 =+3�:7< :7< @+02* >1* 8+Gh* I7< V5}C67< )+81��91>1I >7N2�1I 81G X &�>+)1I7, Q+' < >�* }~64' )+* < -/B702' }C6* .134I 8+B73h' U >1I * @1* >5<5>+91=;* .76�>1)+I7, Q1' < >;* }C6h' )+* < -/P~-/' 6 }C6hW5}CI7< )+P~6�)+>+<2W5I 8767< )1PC6�-/' I7< )+P~6�91>1I >+V5P~V5}C6
? : ' 3�91>1I @+V5I >1T/8�� � A X�� * .J02G76 F W5' < >;N2>M02G7� .1* B10281G1-/'D* .S-/F N28+: 8J* }~6 Horn

)+>+<
Schunck
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 K|.819185, >�N/F * ' <2F 6 >SO1< V5=1* ' I >S>+G702* .7I =S)1>7N281O1< )1=J91' I7< 81I7< 02-/=S' U 81-/@+O7G16 02.73h02* 8S91' :7, 8J* .13D* >+W5�7* .7* >+3 X

�n� ��� � � ����� �n�����
Horn-Schunck

�h<
Horn
)+>+<

Schunck
>+6 >1� .1* 81�16�F 6 >;9+' : , 8S)+, 6 .702.73h9181GS< )+>16 8+918+< ' ,2* .76�¤��#"s-/'D* .�-|< )1I =1* ' I .;-/' * >7E

Q187O1B�* }~6�:7< >16 G102-/@1* }C6�I 8+B73h>+91=S' < )+876 8+02* 85< W5' , 8J02'D' < )1876 8+02* 85< W5' , 8 X z 3hG79187N2F 028+G7-/'D=1* <2.;' U7, 02}C02.

Eof (v(x, t)) = 〈∇sc(x; t),v(x, t)〉+
∂sc(x; t)

∂t

? � X �1� A
' , 6 >+<C* 8u02T2@+O7-/>u* .73S' U7, 0/}~02.13;819+* < )+B73JI 81B13 X &�¤��#"
< )+>16 8+918+< ' , * >+<C=1* >16M* 8u02T2@+O7-/> Eof (v(x, t))' , 6 >+<2, 028;-/'4-/.7: F 6 Xn� '4* .76h91>+I 81G70|, >;)1@+O7G1R2.13D)1>5<1N28+I � Q+81G�91I 8+02: 81)+81�1-/'46 >;' O1>1W2< 02* 819185< B10281G1-/'4* 8* ' * I @1V5}C6 8S* 81G;02T/@1O1-/>1* 8+3 Eof (v(x, t))

P~02* 'D6 >S' 9+< Q+O7. N2' ,28S91' I7< 8+I7< 02-/=13�* .13D8+91* < )1B13hI 8+B73 X&�-/' * >7Q181O7B�* }~6D:7< >16 G102-/@1* }C6D* >+W5�7* .7* >+3�>+91=�' < )+876 8+02* 8+< W5' , 8;02'�' < )+876 810/* 8+< W5' , 8�-/918+I ' ,+6 >�918+0287E
* < )18+918+< . N/' ,+>191=�* 8�@ N/I 8+< 02-/>�* }~6D* ' * I >1V5PC6 }~6D* 81Gh-/' V5F N/81G13�* }~6DW5}~I7< )1PC64)+O1, 02' }C64* }C6402G767< 02* }~02PC6
* 81G;:7< >+6 �702-/>+* 8+3h* .13D* >1W5�1* .1* >137K2)1>5<2:7, 6 ' * >5<2>191=S* .76�' U7, 02}C02.+{

E2
s (v(x, t)) = ‖∇υ1(x, t)‖2 + ‖∇υ2(x, t)‖2 = (

∂υ1

∂x1

)2 + (
∂υ1

∂x2

)2 + (
∂υ2

∂x1

)2 + (
∂υ2

υx2

)2 ? � X �	� A
=1918+G;G79187N2F * 81G1-/'D=7*7<28+</* I7< 02:7< @102* >+* ' 3hW5I 8767< )1F 3�02G16 * ' * >+V5-/F 6 ' 3h' , 6 >+</02G76 ' W5' , 3h-/' * >7Q+O7.1* F 3 Xn� 9181I ' ,' �7)+87O7>u6 >u:7< >19+< 02* }LN2' ,~=1* <~=1028u9+< 8u8+-2>+O7=H' , 6 >+<~* 8u91' :7, 8�* .73S* >+W5�7* .7* >+3 KC* =+028�-|< )1I =1* ' I 8u' , 6 >+<~* 8
Es(v(x, t)) X�h>1* =19+< 61K+.D-/F N/81: 813

Horn
)+>+<

Schunck
' O7>+W2< 02* 8+918+< ' ,1F 6 >�02* > N/-|< 02-/F 6 8h@7N2I 85< 02-/>�* 8+GD02T/@1O1-/>1* 8+3

* .13h¤��#"
Eof
)1>5</* 8+GS-/F * I 8+G;* .73�-/' * >1Q181O7B13�* .13�* >1W5�1* .1* >13�>+91=J' < )1816 8102* 85< W5' , 8M02'h' < )+876 8+02* 8+< W5' , 8

Es

min
V(X,t)

∫

A
(E2
of (v) + α2E2

s (v))dx
? � X � �1A

�1�
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V2< >�6 >M' )+* < -/B102' <|* 8M:7< @16 G102-/>M* .73�* >+W5�7* .7* >+3�02'�)1@7N2'�02.1-/' , 8
x
KL=1918+GJ* 8 A : .7O1P~6 ' <|91' I7< 87W5BJG19187E02* B1I7< U .13D02G16 ' W581�13h' < )1=16 >13 X &�91>1I @+-/' * I 813 α2 K2.;8+918+, >J02G16 B N/}~3h' 9+< O7F V5' * >5<2' G1I7< 02* < )1@2K2' O1F V5W5' <2* .16< 02W5�h* 81Gh91' I7< 81I7< 02-/8+�h* .73�' U 8+-/@1O1G76 02.13 Xn� ' V5>+O7�1* ' I ' 34* < -/F 3�* 8+G α2 >+G7U @+6 81G16D* .76D' 9+, : I >102.h918+GhF W5' <8S91' I7< 81I7< 02-/=+3 X¤CO7>+W2< 02* 8+918+, .102.M* .73�? � X � �1A K~W5I .70/< -/819185< PC6 * >+3S* 8�O187V2< 02-/=u* }C6S-/' * >7Q+87O7PC61K~>+91>+< * ' ,~* .76J* >+G7* =7EW5I 876 .;' 9+, O1G702.�: G18S' U7< 02P~02' }C6

( ∂sc
∂x1

)2υ̂1(x, t) + ∂sc
∂x1

∂sc
∂x2
υ̂2(x, t) = α2∇2υ̂1(x, t)− ∂sc

∂x1

∂sc
∂t

∂sc
∂x1

∂sc
∂x2
υ̂1(x, t) + ( ∂sc

∂x2
)2υ̂2(x, t) = α2∇2υ̂2(x, t)− ∂sc

∂x2

∂sc
∂t

? � X ��& A
=1918+GS* 8 ∇2 : .1O7PC6 ' </* . � >191O1>10/< >16 BJ)1>5<|* 8 .̂ : .7O1P~6 ' <|* .16�' )+* < -/P~-/' 6 .J>16 *7, 0/* 8+< W5.J918102=1* .1* > X�� * .16G7O1819185, .702.;* }C6

Horn
)+>+<

Schunck


Hor �5� 
 K28+< � >+91O7>+0/< >+6 F 3h02G167< 02* PC02' 3D* .73h* >+W5�7* .1* >+3hF W581G16�91I 81E02' V5V2< 0+N2' ,2>+91=SG7R/.7O18191' I >+* @

FIR
T/, O1* I >S8+: .7V58+�76�02'D' 91>16 >+O7.191* < )1B;-/F N/81: 8

Gauss-Seidel
{

υ̂
(n+1)
1 (x, t) = υ

(n)
1 (x, t)− ∂sc

∂x1

∂sc
∂x1

υ
(n)
1 (x,t)+ ∂sc

∂x2
υ

(n)
2 (x,t)+ ∂sc

∂t

α2+( ∂sc
∂x1

)2+( ∂sc
∂x2

)2

υ̂
(n+1)
2 (x, t) = υ

(n)
2 (x, t)− ∂sc

∂x2

∂sc
∂x1

υ
(n)
1 (x,t)+ ∂sc

∂x2
υ

(n)
2 (x,t)+ ∂sc

∂t

α2+( ∂sc
∂x1

)2+( ∂sc
∂x2

)2

? � X � � A

=1918+G
n
' , 6 >5<~8u>+91>1I7< N/-/.7* B73J* }~6M' 91>16 >+O7B1R2' }C61KC* >

υi
: .1O7PC6 81G16M02* > N/-|< 02-/F 6 81G13S* 819+< )18+�73J-/F 028+G73

=1I 8+G73;? ' U >+< I P~6 * >+3h* 8;91>+I =76�' < )1816 8102* 85< W5' , 8+A�)1>5<5=7O1' 3D85<5-/' I7< )1F 3h91>1I @+V5}~V585<2G79187O187V2, � 816 * >+<202* 8;02.7E
-/' , 8

(x, t) X �h<C>+I W2< )+F 3M' )1*7< -/B102' < 3J* }C6�* >1W5G1* B1* }C6 υ(0)
1 (x, t)

)+>+<
υ

(0)
2 (x, t)

O1>1-2Q+@16 816 * >+<n02G16 B N/}~3
-/.7: F 6 X�� * 876;91>+I >191@+6 }(* �7918JV2, 6 ' * >+<|.SG791=7N2' 02.S02G16 ' W581�13�W5}CI 87E W5I 8767< )1B13�)1>+* >16 8+-/B73�* .73�F 6 * >102.13 X
� * .16;G1O78+918+, .102.J02'�& 	 � KL=7O7' 3;8+<LW5}~I7< )1F 3;)+>+<LW5I 8767< )1F 3;)+O1, 02' < 3�* .73�' < )1=16 >13;91I F 91' <L6 >M' )+* < -/. N/81�16>1I7< N2-/.1* < )1PC3D>191=S* >;91>1I >+* .1I 81�1-/' 6 >;: ' , V5-/>1* >S* .134' < )1=16 >137K2F 6 >;� B7* .7-/>;9181GhN/>;02G7� .7* . N/' ,502* .�02G16 F E
W5' < > X
�n� ��� ���J���~� ¢��n�4�
���J� � �n� �D£ �M�
�D>S02G7� .1* B10281G1-/'D: G78J-/' N2=+: 81G13h' )+* , -/.102.73h* }C6�W5}CI 87W5I 8767< )1PC6;)1O+, 02' }C6�* .73h' < )1816 8102' < I @13�9181G;>+91>+< E
* 81�16 * >+<1V2< >h* .764' T/>1I -/87V5Bh* }~64-/' N2=+: }~6D' �7I ' 02.13n)5, 6 .702.13n918+Gh02* .1I7, � 876 * >5<702* .764¤��#" X &s91I PC* .h)1@+6 ' <W5I B702.�9+' 91' I >102-/F 6 }C6�:7< >+T28+I P~61K/' 6 Ps.�: ' �1* ' I .�Q1>+0/, � ' * >+<202'D9187O1G7}C6 G7-|< )1B;91I 8102>+I -/87V5B X
� �%&"- "�)�$�) �� %- $�)�# "���&*) 
 �	��$�)�� � � ���"(�$ "��*/ ��/.!"� (!' �!� ��/

� < >D91I 8102F V5V2< 02.402* .76n' )+* , -/.70/.�* }C6n-/' I7< )+P~6�91>1I >+V5P~V5}C6�>191=h-|< >D:7< >1)+I7< * B4' < )1=16 > s(n1, n2, k)
' , 6 >5< 6 >

* < 3n91I 8102' V5V2, 0281G1-/'C>191=h*7< 3C>+6 * , 02* 85< W5' 3n91I 813n* >h-/91I 813nB491I 8+3n* >D9+, 02}M91' 91' I >+02-/F 6 ' 3C:7< >1T/81I F 3 X � < >h6 >91' * �1W581G1-/'C91' I7< 0202=7* ' I 8D>+U7< =+9+< 02* ' 3n' )1*7< -/B102' < 3C* }~6�-/' I7< )1PC6�91>+I >1V5PCV5}~61K1-/918+I 81�1-/'n6 >hG79187O187V2, 028+G7-/'
* < 3S-/F 02' 3J91I 813J* >u-/91I 8+3S)+>+<C91I 813J* >u9+, 02}_91' 91' I >+02-/F 6 ' 3S:7< >1T/81I F 37Kn)1@+* <C9181G�816 81-/@+� ' * >+<n.�-/F 02.
:7< >+T28+I @ X ¤C9+< 91O1F 8761K5-/918+I 81�1-/'46 >;G19187O781V2, 028+G7-/'D-|< >;* 8+9+< )+B�-/F 02.�* < -/B�* }C6h-/F 02}~6h:7< >1T/81I PC6hV2< >;* .16' U @1O1' < R/.�* }~6�' 9+< : I @102' }C6�* 81G�N/81I �7Q18+G;91>1I >+* B7I .102.73 X �h< Horn
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Schunck



Hor �+� 
 91I =7* ' < 6 >+6�* .16' �7I ' 02.�-/F 028+G�=+I 81GSV2< >S* F 0202' I7< 3D-/F 02' 3h91' 91' I >102-/F 6 ' 3h:7< >1T/81I F 3

∂sc(x1, x2, t)

∂x1

≈ 1

4
{s(n1 + 1, n2, k)− s(n1, n2, k) + s(n1 + 1, n2 + 1, k)

−s(n1, n2 + 1, k) + s(n1 + 1, n2, k + 1)− s(n1, n2, k + 1)

+s(n1 + 1, n2 + 1, k + 1)− s(n1, n2 + 1, k + 1)}
∂sc(x1, x2, t)

∂x2

≈ 1

4
{s(n1, n2 + 1, k)− s(n1, n2, k) + s(n1 + 1, n2 + 1, k)

�7�
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−s(n1 + 1, n2, k) + s(n1, n2 + 1, k + 1)− s(n1, n2, k + 1)

+s(n1 + 1, n2 + 1, k + 1)− s(n1 + 1, n2, k + 1)}
∂sc(x1, x2, t)

∂t
≈ 1

4
{s(n1, n2, k + 1)− s(n1, n2, k) + s(n1 + 1, n2, k + 1)

−s(n1 + 1, n2, k) + s(n1, n2 + 1, k + 1)− s(n1, n2 + 1, k)

+s(n1 + 1, n2 + 1, k + 1)− s(n1 + 1, n2 + 1, k)} ? � X ��� A
�487O1O7F 3�@+O7O1' 3�02* I >+* .1V2< )+F 3�' �7I ' 02.13�-/F 02}C6;=1I }C6;G191@1I W58+G76SV2< >M* .16;' )1*7, -/.702.J-/' I7< )+P~6S91>1I >+V5P~V5}C6
W5I .70/< -/819185< PC6 * >13D91' 91' I >102-/F 6 ' 3D:7< >+T28+I F 3 


Lim � � 
 X � }~I7< )1B�)1>5<+W5I 8167< )+B�91I 81E ' U 8+-/@1O1G76 02.�* 81GhQ5, 6 * ' E85K2-/'DT/< O7* I @1I7< 02-/>SW5I .70/< -/819185< PC6 * >13 � )+>18+G70/< >+6 81�13h91G1I B76 ' 3h02G76 B N2}C34Q18+. N/@S02* .16h' )1*7, -/.702.;)1O+, 02.13 X
� �%&"- "�)�$�) �� %- $�)�# "���&	����� ����# � �� �$���/�$!" � � ��# ��� �%$�(���" ��)���#

� < >�' 6 >+O7O1>1)+* < )1B�-/F N/81: 8+3D' , 6 >5<56 >�91I 8+02' V5V2, 0281G1-2'D* 8 sc(x1, x2, t)
* 819+< )1@;-/'4W5I B102.�' 6 =+34V5I >+-/-|< )+81�

02G76 : G1>102-/8+��9187O1G7}C6 �7-/}C6�W5>1-/.1O7B13h* @+U .73 X~� ¤C* 0/</{

sc(x1, x2, t) ≈
N−1∑

i=0

αiφi(x1, x2, t)
? � X � � A

=1918+G
φi(x1, x2, t)

' , 6 >5<+* >�9187O7G1P~6 G1-/>�Q1@+02.737K
N
' , 6 >+<+8�>+I7< N2-/=+34* }C6D02G76 >+I * B102' }~64Q1@+02.734918+G�W5I .70/< E

-/819185< 81�16 * >+<102* .7649187O7G1}~6 G1-|< )+BD91I 8+02F V5V2< 02.D)1>5<
αi
' , 6 >+<18+<102G76 * ' O7' 02* F 3C* 8+GDV5I >+-/-|< )+81�h02G16 : G1>102-/8+� X¤C: PnK+N/>�N2F 028+G7-/'D* 8

N
, 028S-/' � K5-/'h* .16�>1)+=7O78+G N/.;' 9+< O187V5B;* }C6�02G76 >+I * B102' }~6hQ1@+02.737{

φi(x1, x2, t) = 1, x1, x2, t, x
2
1, x

2
2, x1x2, x1t, x2t

? � X � �1A8+<28+918+, ' 3�91I 87* @7N2.1)1>+6�>191=J* 876
Lim [Lim 90] X~� ¤C* 0/< K2.;' U7, 02}C02.J? � X ��� AnV5I @+T2' * >5<

sc(x1, x2, t) ≈ α0 + α1x1 + α2x2 + α3t+ α4x
2
1 + α5x

2
2 + α6x1x2 + α7x1t+ α8x2t

? � X �5� A
�h<~02G76 * ' O7' 02* F 3

αi, i = 0, . . . , 8
KC' )1*7< -/PC6 * >5<~-/'S* .�-/F N28+: 8u* }C6J' O1>1W2, 02* }C6J* ' * I >+V5P~6 }C61KC.�8+918+, >

' O7>+W2< 02* 819185< ' ,/* 8S02T/@1O1-/>;02G16 @1I * .702.13 {

e2 =
∑

n1

∑

n2

∑

k

(
s(n1, n2, k)−

N−1∑

i=0

αiφi(x1, x2, t)|[x1 x2 t]T=V[n1 n2 k]T

)2 ? � X �+� A

� 8;@7N2I 85< 02-/>S91@16 }s>191=S* 8 (n1, n2, k)
-/' * >1T/F I ' * >+<202* .16h* 8+9+< )+B�V5' < * 8167< @S* 8+G�' < )+876 8+02* 8+< W5' , 8+G;V2< >S* 8

819185, 8J' T2>+I -/=1� ' * >5<2.;9187O1G7}C6 G7-|< )1B;91I 81F V5V2< 02. Xn� < >J* G19+< )+B�91' I7, 91* }~02.�91' I7< )1O1' , ' </� �;' < )+876 8+02* 85< W5' , >5K
5× 5
W5}CI7< )+@S91>+I @ N/G7I >J02'D: G78S02G16 ' W5=1-/' 6 >S91O1>+, 0/< > Xz 91=M* .S02*7< V5-/BS9181GJ8+<|02G76 * ' O7' 02* F 3

αi
F W581G16;' )1*7< -/. N2' , K|8+<|02G767< 02* PC02' 3h* .73�)+O1, 02.73�' , 6 >+<|: G76 >+* =M6 >

Q1I ' N/81�16�-/'D>+91O7B;:7< >+T2=+I7< 02.+K
∂sc(x1, x2, t)

∂x1

≈ α1 + 2α4x1 + α6x2 + a7t|x1=x2=t=0 = a1
? � X �1� A

∂sc(x1, x2, t)

∂x2

≈ α2 + 2α5x2 + α6x1 + a8t|x1=x2=t=0 = a2
? � X �	� A

∂sc(x1, x2, t)

∂t
≈ α3 + α7x1 + α8x2|x1=x2=t=0 = a3

? � X � �7A
�D-/8+, }C3 KC85<~: ' G7* F I >13S* @1U .13S-/' I7< )+F 3S91>+I @1V5}CV58+<C-/9181I 8+�76M' �1)187O1>u6 >u' )+* < -/. N/81�16JW5I .70/< -/819185< PC6 * >+3
* 81G13h02G76 * ' O7' 02* F 3

α4
}~3

α8 X
� �
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�n� ��� � � �����D� �L¢ ���4�~� ���2� ¢;��� �������
&(-/F N/81: 8+34* }~6

Horn-Schunck
' T/>1I -/=+� ' <5* 81G13491' I7< 8+I7< 02-/8+�73D* .1348+91* < )1B134I 8+B73D)+>+<5* .734' U 8+-/@1O1G76 02.13

)1>7N287O+< )+@;02'4=7O1.�* .76h' < )+=76 >2K5B�02'4=7O78;* 8;91>1I @7N2G1I 8;' )+* , -/.102.734)5, 6 .102.73 X z G7* =;F W5' <+: G18�>+6 ' 9+< N/�7-/.1* >>19181* ' O7F 0/-2>+* >2{

�1X � 91' I7< 8+I7< 02-/=13h* .73D' U 8+-/@1O1G76 02.13D: ' 6h' T/>1I -/=+� ' * >5<502'D:7< ' � N2G16 02.�)+@ N/' * .�0 � F 6 >;=+I7< 8S>16 *7< )+' < -/F E6 81G XS� ¤C* 0/< KLF 6 >+3;)+> N/87O+< )+=13S91' I7< 8+I7< 02-/=13S' U 8+-/@1O7G16 02.73�N287O1P~6 ' <L*7< 3J� @1)+I ' 3;* .73;)5, 6 .702.13 � X � < >91>1I @+: ' < V5-/>5K�>16MF 6 >H>+6 * < )+' , -/' 6 8H)5< 6 ' , * >5<~91@+6 }�02';F 6 >H>+)+, 6 .1* 8HT2=16 * 85KnG191@1I W5' <C-|< >u>+91=7* 8+-/.
>1O1O7>+V5B;02* 8S91' :7, 8J* .13h)5, 6 .102.73�02* >J02�76 8+I >S* 81GS>16 *7< )+' < -/F 6 8+G X �h<2@+)1I ' 3�* .13h)5, 6 .102.73�-/9181I 8+�766 >M:7< >+* .1I . N/81�16S' T2>+I -/=1� 876 * >13;* 816S91' I7< 81I7< 02-/=�* .13�' U 81-/@+O7G16 02.73;-/=76 8�02* < 3�:7< ' G N/�76 02' < 3�)+>1* @
* < 348+918+, ' 3D8+<5' 6 * @+02' < 34* }C6D' < )1876 8+02* 85< W5' , }~6�: '�-/' * >1Q1@+O7O1876 * >5<+02.1-/>16 *7< )+@ X z G1* B�' , 6 >5<+.hQ+>10/< )1B< : F >S* 8+G�O1' V5=1-/' 6 8+G;)1>+* ' G N2G16 =1-/' 6 8+G;B;91I 8102>+6 >1* 81O1< 02-/F 6 8+G;91' I7< 8+I7< 02-/81�;' U 8+-/@1O1G76 02.13 X
�+X &(-/.�91I 8+02>1I -/8+02* < )1B�-/F N28+: 8137K5' 9+, 02.737K5' 9+< Q1@+O7O1' <+* .76h02G16 N2B1)1.�* .7348+91* < )1B13DI 81B13402*7< 3491' I7< 81W5F 3)1@+O7G1R2.737KD=+9181Gs: 'SN/>sF 91I ' 91'�6 >�< 02W5�1' < X z G7* =s-/9181I ' ,46 >�' 9+< * ' G1W1N2' ,4-/' * >7Q+@1O1O7816 * >13u* 8 α91I 8102>+I -/8102*7< )+@�91I 8+)1' < -/F 6 81G�6 >;' O7F V5W5' * >5<+.�02W5' *7< )+B�< 02W5�734* }~6h91' I7< 81I7< 02-/PC6h* .1348191*7< )+B73DI 81B13
)1>5<~* .73J' U 81-/@+O7G16 02.73 X � < >u91>+I @1: ' < V5-/>5Kn0/* < 3S91' I7< 81W5F 3J)1@+O7G1R2.13 Kn=191}C3J' , 6 >+<C85<~91' I7< 81W5F 3J9181G91' I7< Q+@1O7O1876 * >+</>+91=J:7< >1)+' )18+-/-/F 6 ' 3�V5I >1-/-/F 3�02* .16�' < )+=76 >�� X & K/8J91' I7< 81I7< 02-/=+3�* .73�8+91* < )1B13�I 81B13-/9181I ' ,|6 >J-/.76�' T/>1I -/8+02* ' ,|)1>7N2=7O181G5K/' 6 P�>+91=J* .16�@1O1O7.S.S02G76 N/B7)+.;* .73�' U 81-/@+O7G16 02.73�6 >J' , 6 >5<
02'D91O7B1I .;< 02W5� X
z I )+' * 8+,|' I ' G76 .1* F 3h91I =1* ' < 6 >16;* .16�' T/>1I -/87V5BS* 8+G;91' I7< 81I7< 02-/81�S* .13h' U 81-/@+O7G16 02.73�)1>+* @J-/B7)+813�* }C6
02G76 =+I }~6h=7W2<5=1-/}C3D)1>5<5)1@7N2' * >;02* >;02�76 8+I >�* .73D91' I7< 87W5B13D)1@+O7G7R/.73 X � Hildreth



Hil �	� 
 ' O1>1W2< 02* 819185, E.702'�* 8�)1I7< * B7I7< 8�* .73402G16 @1I * .702.13�* }~6

Horn-Schunck
9181G�:7, 6 ' * >5<+>191=;* .76h' U7, 02}C02.;? � X � �7AC)1>+* @;-/B7)+813* .13�91' I7< -/F * I 8+Gh* 8+G�>16 *7< )1' < -/F 6 81G X �h< Nagel

)+>+<
Enkelman



Nag 86, Enk ��� 
 ' < 02B7V5>+V5>16h* .16D< : F >�* .13)1>+* ' G N2G16 * < )1B134' U 8+-/@1O1G76 02.13 K5.�819185, >;91' I7< 8+I7, � ' <5* .16D' U 8+-/@1O1G76 02.�)1>+* @;* .76h)+>1* ' � N/G76 02.�* .73DW5}~I7< )1B13

)1O+, 02.13�* .734' < )+=76 >+3 X � Fogel


Fog �5� 
 W5I .70/< -/819185, .702'�)+>1* ' G N/G76 *7< )+81�13491' I7< 81I7< 02-/81�134' U 81-/@1O1G76 02.134-/'91I 8102>+I -/8102*7< )+BJ02* @7N2-|< 02.J02'�< ' I >+I W2< )+BJ: 8+-/BJ' < )+=76 >13 X;� .1-/' < PC02* '�=7* <|85<|-/F N/81: 85<|91I 8102>+I -/8102*7< )+P~602* > N/-|, 02' }C6�>+91>+< * 8+�76;02G7V5)+' )1I7< -/F 6 ' 3h02* I >1* .7V2< )1F 3�V2< >J* .16�>+6 , W56 ' G102.;* }~6�)5< 6 8+�7-/' 6 }C6�81I7, }C6�* 8+G;>7E

6 * < )1' < -/F 6 81G X � Snyder


Sny �5� 
 91I =1* ' < 6 ';-|< >�V5' 67< )1B�:7< >+* �191}~02.M* 81GM91' I7< 81I7< 02-/8+�M' U 81-/@+O7G16 02.737K~8819185, 8+3h91' I7< F W5' <2-/' I7< )+F 3h>+91=S* < 3h91>+I >191@+6 }s}C3h' < :7< )1F 3�91' I7< 91* P~02' < 3 X


 ���1� �!�"� $�" �!#�+.( &�� $	��$%/1&1� � ��# ��� �!" #! �$%/1$�)�#
�_91' I7< 81I7< 02-/=13h* .73h)1>+* ' G N2G16 =1-/' 6 .13h' U 8+-/@1O7G16 02.73h:7, 6 ' * >+<2>+91=S* .76�' U7, 02}~02.

E2
ds(v(x, t)) = (∇υ1)TW(∇υ1) + (∇υ2)TW(∇υ2)

? � X ��& A
=1918+G

W
' , 6 >+</F 6 >+3�9+, 6 >1)+>13�Q+>1I PC6�918+GM� * < -/}~I ' , �/-/' * >1Q187O1F 3�02* 8J91' :7, 8J* .73�)5, 6 .102.73�918+GS' U >1I * P~6 * >5<

>191=�*7< 3nW5}CI7< )+F 3�>1O1O7>+V5F 3�* 81Gh' 9+< 91F : 8+GD* 8+GDV5)+I7<102* 8DQ5, 6 * ' 8 X 0S< @1T/81I ' 3491>1I >+O7O1>1V5F 3�* 81GD9+, 6 >1)+>hQ+>1I PC6
W
G191@1I W58+G76 


Nag ��& KNag � � K Enk ����
 X � < >S91>+I @1: ' < V5-/>2K/-/9181I ' ,/6 >S' 9+< O1' V5' , {

W =
F + δI

trace(F + δI)

? � X � � A
=1918+G

I
' , 6 >+<+8�-/876 >+:7< >5, 8+3D9+, 6 >1)+>13D)1>5<+>16 >+91>1I7< 02* @�F 6 >+6D)+> N/87O1< )1=;=1I 8�' U 8+-/@1O1G76 02.13�V2< >�6 >�Q1' Q+>+< P~6 ' <

=7* <|G791@+I W5' </F 6 >+3�-/.S-/.7: ' 67< )1=+3�9+, 6 >1)+>13�Q1>+I P~6;02'hW5}CI7< )+@M81-/85< =+-/81I T/' 3�91' I7< 87W5F 37K
δ
' , 6 >+<|F 6 >13�Q1>7N5E

-/}~* =13h02G16 * ' O1' 02* B737K5)1>5<

� �
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F =


 ( ∂sc

∂x1
)2 + b2((∂

2sc
∂x2

1
)2 + ( ∂2sc

∂x1∂x2
)2) ∂sc

∂x1

∂sc
∂x1

+ b2 ∂2sc
∂x1∂x2

(∂
2sc
∂x2

1
+ ∂2sc

∂x2
1

)
∂sc
∂x1

∂sc
∂x1

+ b2 ∂2sc
∂x1∂x2

(∂
2sc
∂x2

1
+ ∂2sc

∂x2
1

) ( ∂sc
∂x2

)2 + b2(( ∂2sc
∂x1∂x2

)2 + (∂
2sc
∂x2

2
)2)




-/'D* 8
b2 02* > N/' I @ X
� =7* ' K2.�-/F N/81: 8+3h* .73h)1>+* ' G N2G16 =1-/' 6 .13h' U 81-/@+O7G16 02.73h' O1>1W2< 02* 819185< ' ,/* .;02G76 @+I * .102.�)1I7< * .7I7, 8+G

min
V(X,t)

∫

A
(E2
of (v) + α2E2

ds(v))dx
? � X ��� A

V2< >�6 >hQ+I ' <7-|< >�' )1*7, -/.702.h* 8+GD91' :7, 81Gh* .73�)5, 6 .702.13 K+=1918+Gh* 8 A ' , 6 >5<1.h91' I7< 87W5BhG1918102* B7I7< U .73�* .13n' < )1=16 >13)1>5<+* 8
α2 * .76D91>+I @1-/' * I 8;' U 81-/@+O7G16 02.73 X �D>1I >+* .1I B702* '�=1* <+.�-/F N/81: 8+3D* }~6 Horn-Schunck

? � X � �1A~' , 6 >5<-|< >M' < :7< )+BS91' I7, 91* }~02.S* 8+GS* �19181GS>+G7* 8+�S-/'
δ = 1
)1>5<

F = 0 X &�' 9+>16 >1O1.791*7< )+BJ-/F N28+: 813�* }~6 Gauss-
Seidel
-/9181I ' ,16 >�W5I .10/< -/819+8+< . N/' ,1V2< >�* .16�' O1>1W2< 02* 819185, .702.D* .73h? � X ��� A|=191}C3�91' I7< V5I @1T/.7)+'n02* 8�
Enk ����
 K=1918+GJ8�=1I 8+3;>16 >+6 F }~02.13�02'�)1@7N2'�' 91>+6 @1O1.7R/.JG19187O787V2, � ' * >+<L-/'�W5I B702.J' 6 =13;V5I >+-/-|< )+81�M>1O1V5=1I7< N/-/81G X&_>+91=1: 8+02.;* .73�-/' N2=+: 81GS* .13h)1>+* ' G N2G16 =1-/' 6 .13�' U 81-/@+O7G16 02.73�' U >1I * @+* >5<2>+91=J* 8S91=+028J>1)+I7< Q+B73�' , 6 >5<2.

' )1*7, -/.702.�* }~6�>+91>+< * 81�1-/' 6 }~6�-/' I7< )+P~6�91>1I >+V5P~V5}C6�* .13hF 6 * >102.13D* .73h' < )1=76 >+3 X
� ���1(�� 
'� � � 
 � �%$�� ) )�� $�)
�

Fogel


Fog �5� 
 W5I .10/< -/8+918+, .702'h* < 3�< : F ' 3h* .73�)1>+* ' G N2G16 =1-/' 6 .13h' U 8+-/@1O1G76 02.13h)1>5</* .13h91I 8102>+I -/8102*7< E)1B13J02* @7N2-|< 02.73J02'SF 6 >16�)+81-/R/=k< ' I >1I W2< )1=k02W5.1-/>1*7< 02-/= X�� < >H9181O7O1>191O1B73J>+6 @1O1G702.13J>+6 >+91>+I @+02* >+02.

sαc (x1, x2, t)
* 81G�Q+, 6 * ' 8S81I7, 02* .7)+'D}~3

sαc (x1, x2, t) =
∫

A
sc(x1, x2, t)h(

µ− x1

α
,
η − x2

α
)dµdη

? � X � � A
=1918+G

α
' , 6 >+<2.;91>1I @+-/' * I 8+3h' G1)1I7, 6 ' < >+3 K A : .7O1P~6 ' <2* .16�G7918+02* B1I7< U .;' < )+=76 >137K/)1>5<

h(x1, x2) =




A exp{ −(C2x2

1+D2x2
2)

B2−(C2x2
1+D2x2

2)
C2x2

1 +D2x2
2 < B2

0
:7< >1T/81I ' *7< )+@ ? � X � �1A

: .7O1P~6 ' <|F 6 >�W5>+-/.7O18191' I >+* =�T|, O7* I 8M-/'�91>+I >1-/F * I 81G13
A
K
B
K
C
)1>5<

D X ¤C�7)+87O7>�-/918+I ' ,L6 >�T2>+6 ' ,L=7*7<.�W5}CI7< )+B;>+6 @1O1G702.;* 8+G
sac(x1, x2, t)

' O7>+* * P~6 ' * >5<2)1>7N2PC3h* 8
α
>1G1U @16 ' * >+< X �4>+I >1* .7I B102* 'D>+)1=+-/.;=1* <285<W5}~I7< )1F 3n-/' I7< )+F 3C91>+I @1V5}CV58+<7* 8+G

sac(x1, x2, t)
-/918+I 81�16�6 >DG19187O781V2< 02* 81�16�-/'~02G102W5F * < 02.�* 81G

sc(x1, x2, t)-/'h*7< 3�-/' I7< )1F 3�91>+I >+V5PCV581G73;* 81G
h(x1, x2)

85</8+918+, ' 3�-/918+I 81�16;6 >MG79187O187V2< 02* 8+�76;>+6 >1O1G7*7< )+@ XD� ¤C6 >M-/.V5I >1-/-|< )1=k91I =1Q1O1.7-/>HQ+' O7*7< 02* 819185, .102.73J' 9+< O7� N2.1)1'J02'J)1@7N2'M' 9+, 91' : 8k' G7)+I7, 6 ' < >13MW5I .10/< -/8+918+< P~6 * >+3M* .
-/F N28+: 8�* 8+G

Quasi-Newton X &(' )+* , -2.102.�9181G�' 91' * ' �1W1N2.�02'4F 6 >;' 9+, 91' : 8�' G1)1I7, 6 ' < >+3DW5I .70/< -/819185< B N2.1)1'}~3h.;>1I W2< )1B;' )+* , -/.102.�02* 8S' 91=+-/' 6 8SG7R/.7O1=7* ' I 8;' 9+, 91' : 8J' G7)+I7, 6 ' < >+3 X
Y�Z ��� y4j��4b4^�i �2r�
Co � 
��M^��4^����~r;lDt1iug�vSg�o ������� �;vSlnj�lng�oqrSt yng;v;g;o

� �DO7' 3D8+<5-/F N28+: 8+<5' )+* , -/.102.734)5, 6 .702.13 K502'4819185< >+: B79181* 'D-/81I T/B+K5' -/91O7F )+81G16h* 816h91' I7< 81I7< 02-/=;* .7348+91* < )1B13I 81B13�02G76 8+: ' �78+-/' 6 8s>191=�)1@+918+< 8�91' I7< 8+I7< 02-/=s' U 81-/@+O7G16 02.73 X �h<�>+6 >1: I 8+-|< )+F 3�-/F N/81: 85<�-/'JQ+@102.k* >' < )+876 8102* 8+< W5' , >J' , 6 >5<2' )1*7< -/.1* F 3h91I =1Q1O1' R2.13D)+>+</:7< =+I N2}C02.737K5* .73h-/8+I T2B13 {
d̂a(x, t; ∆t) = d̂b(x, t; ∆t) + u(x, t; ∆t)

? � X � � A
=1918+G

d̂a(x, t; ∆t)
: .1O7PC6 ' <|* 8M' )+* < -/P~-/' 6 8�:7< @16 G102-/>M)5, 6 .702.13�02* .;N2F 02.

x
KL* .J02* < V5-/B

t
K
d̂b(x, t; ∆t): .7O1P~6 ' </* 816;91I 87Q+O7' 91=+-/' 6 8M' )1*7< -/.1* BS)5, 6 .102.737K|)1>5<

u(x, t; ∆t)
' , 6 >+<|8J=+I 813�' 6 .1-/F I }~02.13 X �h<|: ' , )1* ' 3�

a
�2)1>5<|�

b
�5: .7O1P~6 8+G76�* 81G13D=+I 81G13h91I7< 6�)+>+<2-/' * @;* .76�' 6 .1-/F I }~02.�02* .DN/F 02.�* 8+G�' < )1876 8+02* 85< W5' , 8+G

(x, t) X
� 8uQ1B7-/>H91I =7Q+O7' R/.73J02'S)1@7N2'J' < )+876 8+02* 8+< W5' , 85K�G191876 8+' ,CF 6 >H* 819+< )1=H9+' I < 81I7< 02-/=H' U 8+-/@1O1G76 02.13S02* 8+G73' )1*7< -/.1* F 37K5)+>+</* 8;Q1B1-/>;' 6 .1-/F I }~02.13D' 9+< Q1@+O7O1' <5* 876�91' I7< 81I7< 02-/=S8+91* < )1B13hI 81B13 X

� �
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��' )1*7< -/.1* B13J? � X � � AD02G16 B N/}~3�' T/>1I -/=+� ' * >5<L-/'�F 6 >�>16 >+: I 81-|< )1=u* I =19182KL' )+* ' O1P~6 * >13;-|, >�BJ91' I7< 05E02=7* ' I ' 3�' 91>16 >+O7B1R2' < 3�02* 8
(x, t)
)+>+</91I 87W5}CI P~6 * >+3�02* 8S' 91=1-/' 6 8J' < )+876 8+02* 8+< W5' , 8J02* .�)+>1* ' � N/G76 02.;* .73

>16 >+� B7* .702.13 X �4I Pn< -/' 3�>+6 >1: I 8+-|< )+F 3;-/F N28+: 8+<|-/'�Q1@+02.S* >J' < )1816 8102* 8+< W5' , >�' 02* < @1� 816 * >+6;02* .76;' G1)187O+, >* .13SG1O78+918+, .102.73J* 81G13J)1>5<C02* .�O1' < * 8+G7I V2, >H* 81G13J02'S91I >1V5-/>1*7< )+=HW5I =16 85K�)1>5<CV2< � >1G1* =HW5I .70/< -/819185< 8+� E02>16H>+91O7F 3u' U7< 02PC02' < 3�91I =1Q1O1' R2.13u)1>5<4' 6 .7-/F I }C02.73 X � ' 67< )+@5Kh.s)1>+O7�1* ' I .s:7< > N/F 0/< -/.k' )+* , -/.102.k02* 891I 81.1V581�1-/' 6 8J' < )+876 8+02* 8+< W5' , 8J91@+I N2.1)1'�}~3�.;91I 81Q1O1' 91=1-/' 6 .S' )1*7, -/.702.SV2< >J* 8J' 91=1-/' 6 8J' < )1876 8+02* 85< W5' , E
85Kn>1)+87O78+G N/81�1-/' 6 .�>+91=H-|, >u' 6 .7-/F I }C02.�-/'�Q+@102.�* .16J)+O1, 02.�V2< >H6 >u' O1>1W2< 02* 8+918+< B702' <C* 8u* ' * I @1V5}C6 8
* .13D:7< >1T/81I @+3�* 81G;-/' * >+* 8+9+< 02-/F 6 81G;91O1>+< 0/, 8+G;0 � >1G1* =S* 8S' < )+876 8+02* 8+< W5' , 8 X z I V5=7* ' I >5K/91I 87* @ N/.7)+>161K/9+< 8' )1O1' 91* G102-/F 6 ' 3D-/F N/81: 85<291I =7Q+O7' R/.73h)+>+<2' 6 .1-/F I }~02.13D918+G;>191>5< * 8+�76�91' I7< 0202=7* ' I 81G13hG79187O187V2< 02-/8+�73 Xz I W2, � 8+G7-/'D>+G7* =;* 8;G7918+)1' T/@1O1>+< 8S-/'D-|, >;O1' 91* 81-/' I B;02G7� B7* .702.�* .13D02W5F 02.73D-/' * >1U ��* .73h' O7>+W2< 02* 87E
918+, .102.73M* .13J:7< >+T28+I @13�* 81Gu-/' * >1* 8+9+< 02-/F 6 81GH91O7>5< 0/, 81GH)1>5<C* 8+Gu91' I7< 8+I7< 02-/8+�u* .73J8+91* < )1B13MI 81B73M02* .76
91>1I @+V5I >1T/8J� X �5X �1X 0S, 6 8+G7-/'DF -/T/>102.�02* 8;V5' V5876 =+3h=7*7<502* 8;Q1B1-/>;' 6 .7-/F I }C02.737K5* 8S819185, 8J' O7>1W2< 02* 819185< ' ,* .�:7< >+T28+I @u* 8+G�-/' * >1* 819+< 02-/F 6 8+G�91O7>5< 0/, 8+G�02* .�02G7V5)+' )1I7< -/F 6 .JN2F 02.�* 81G�' < )1816 8102* 85< W5' , 8+G+Kn91I @+V5-/>1*7<
' 9+< Q+@1O1O7' <+* 876h91' I7< 81I7< 02-/=�* .7348+91* < )1B134I 81B1340 � >1G1* =�* 8�' < )1816 8102* 85< W5' , 8 X &�91>+I @1V5I >+T28+3h� X �+X � ' , 6 >5<+-|, >91' I7, O7.1R2.J* }~6S-/' N/=1: }C6S' O1>1W2< 02* 8+918+, .702.13�-/'�Q1@+02.J* .J)+O1, 02.+KL85<L819185, ' 3;' , 6 >+<L>+6 >191=+0291>102* 8u)18+-/-/@1*7<
* }~6�Q+>10/< )1PC6;>16 >+: I 81-|< )1PC6S-/' N2=+: }~6S-/'hQ1@+02.S* >M' < )+876 8+02* 8+< W5' , > X�� , >M' 91F )1* >102.J* }~6�Q+>10/< )1PC6;>16 >1E: I 81-|< )1PC6�-/' N2=+: }~6�-/'4Q+@102.;* >S' < )1816 8102* 85< W5' , >5K|.�8+918+, >J)+>1O1' , * >+</' )1*7, -/.702.

Wiener
K2)1>+O7�191* ' * >5<202* .

91>1I @+V5I >1T/8J� X �5X �5X
�n� �4� � ���7�n  � �L� ��£5�/�n� � ��� �D¢;�2���
	�� �C�4� �h� � 	
&_N2' -/' O+< PC: .73�>+I W5BJ02'�=7O7' 3;02W5' : =76S*7< 3�-/' N/=1: 8+G73;' )1*7, -/.702.13�)+, 6 .702.13 KLV56 }~0/* BJ)1>5<L}~3�91' I7< 81I7< 02-/=+3
8191*7< )+B73JI 8+B737Kn' , 6 >5<~=1* <C.uF 6 * >102.�* .73J' < )+=76 >+3J91>+I >1-/F 6 ' <n>16 >+O785, }~* .u>191=H91O1>+, 0/< 8H02'S91O7>5, 0/< 8H)+>1* @
-/B7)+813�* .13h91I >+V5-/>1*7< )+B73�)5, 6 .102.73;? BSG791@+I W581G76;>1O1O7>+V5F 3�-/'D)+@19185< 8JV56 }C02* =JB;91I 87Q+O7F R|< -/8J* I =+918+A X �91' I7< 81I7< 02-/=+3D* .1348191*7< )+B73DI 81B134-/918+I ' ,56 >�' -/91O1>1)+' ,5-/'4* .�-/8+I T2B�* .73D' U7, 02}C02.7348+91* < )1B134I 8+B73DB�-/9181I ' ,
6 >u' U >1W1N/' ,~-/'S* .16J' O7>+W2< 02* 8+918+, .102.�* .13;:7< >1T/81I @+3J-/' * >1* 8+9+< 02-/F 6 8+GM91O1>+< 0/, 8+Gk? 0 � ��E DFD

A K~=191}C3
02* < 3D-/' N/=1: 8+G73h91I 8+02>1I -/87V5B13h* -/.1-/@1* }C6h)+>+<202*7< 3D>16 >+: I 81-|< )1F 3�-/' N2=+: 81G13h-/'�Q+@102.�* >;' < )+876 8+02* 85< W5' , > X
� ¤C02* }s. 0 � �_-/' * >1U �;* }~6�W5I 8167< )+P~6�02*7< V5-/P~6 t )+>+< t+ ∆t

{
∆s(x,d) = sc(x + d(x, t; ∆t), t+ ∆t)− sc(x, t)

? � X � � A=1918+G
sc(x1, x2, t)

: ' , W56 ' <2* .16�W5I 8767< )1@J-/' * >1Q1>+O7O1=1-/' 6 .;)1>+* >+6 81-/B;* .73h' < )1=16 >+3 K/)+>+<
d(x, t; ∆t)=̇d(x) = [d1(x) d2(x)]T

? � X � � A: ' , W56 ' </* 8J91' :7, 8J* 8+G;:7< >16 �102-/>1* 813�-/' * >+* =+9+< 02.13h-/' * >+U �S* }~6;W5I 8767< )+P~6;02*7< V5-/PC6
t
)+>+<

t + ∆t X �D>1I >1E* .1I 81�1-/'�91}C3S>+Ah' @+6J8+<~02G167< 02* PC02' 3�* 81G
d(x)
G1918 N/F * 81G16J-/.M>+)1F I >5< ' 3S*7< -/F 37K~>+91>+< * ' , * >+<~91>+I ' -2Q187O1B

V2< >H6 >HG79181O787V2, 0281G1-/'S* ..0 � � 02'S)+@ N/'�N/F 02.�' < )+876 8+02* 8+< W5' , 8k)1>5<~Q+A�' @+6M* 8 d(x)
B1* >16�, 028H-/'S* 8

91I >1V5-/>+* < )1=S:7< @16 G102-/>;-/' * >+* =+9+< 02.13D02* 8;02.1-/' , 8
x
)+>+<2: ' 6�G791B1I W5>16�O1@ N/.�91>+I ' -2Q187O1B737K2. 0 � � * ' , 6 ' <02* .�-/.1: ' 67< )+B;* < -/B�02* .�91' I7< 87W5B;)+@1* }s>+91=S* 8S91' I7< 8+I7< 02-/=S* .73h8191*7< )+B73hI 8+B73 X�4>+I >1)+@1* }�K5>16 >+O7�181G1-/'�* 8

sc(x+d(x), t+∆t)
02'�-|, >�02' < I @

Taylor
V5�7I }u>+91=�* 8

(x; t) X � < >�-|< )+I @
d(x)
)1>5<

∆t
K2=191}C3 {

sc(x1 + d1(x), x2 + d2(x); t+ ∆t) = sc(x; t) + d1(x)
∂sc(x; t)

∂x1

+d2(x)
∂sc(x; t)

∂x2

+ ∆t
∂sc(x; t)

∂t
+ ε

? � X � � A
=1918+G

ε
: .1O7PC6 ' <1=+I 81G134>16 PC* ' I .134* @+U .73 X z 6 * < )1>7N/< 02* PC6 * >134* .76�? � X � � A~02* .16�? � X � � A K+)1>5<+91>1I >+-/' O7PC6 * >13* 81G13h=1I 8+G73h>+6 P~* ' I .73h* @1U .13hF W581G1-/' {

∆s(x, d) = d1(x)
∂sc(x; t)

∂x1

+ d2(x)
∂sc(x; t)

∂x2

+ ∆t
∂sc(x; t)

∂t

? � X �1�7A

� &
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� ' O1' * 81�1-/'D* .�02W5F 02.�-/' * >1U � 0 � �_)1>5<2¤��#"�02'D: �78S91' I7< 91* PC02' < 3 {
�1X4� 8�=+I7< 8;* 81G 0 t * ' , 6 ' <502* 8 �+{��DF * 876 * >+3 ∆s(x, d) = 0

K5:7< >+< I P~6 * >+3D)1>5<+*7< 34: �18�91O1' G7I F 34* .73h� X �7�-/'D* 8�0
t
K2)1>5<291>+, I 6 816 * >+3h* 8S=+I7< 8S)+> N/P~3h* 8 0

t
* ' , 6 ' <502* 8 �5K591>5, I 6 81G1-/'D* .76�¤��#" {

u1(x, t)
∂sc(x; t)

∂x1

+ u2(x, t)
∂sc(x; t)

∂x2

+
∂sc(x; t)

∂t
= 0

? � X � & A
=1918+G

v(x, t) = [u1(x, t)u2(x, t)]T
G7918+: .7O1P~6 ' <1* 8�:7< @+6 G702-/>�* .13n* >+W5�7* .7* >+3n* .D02* < V5-/B

t XL� ¤C* 0/< K1.' )1*7, -/.702.h* .13�* >1W5�1* .1* >134W5I .70/< -/819185< PC6 * >134* .164¤��#"H)+>+<+.h' )1*7, -/.702.h* .13�-/' * >1* =19+< 02.73CN/F * 876 * >+3
* .16�, 02.;-/'D-/.7: F 6�' , 6 >+</< 028+: �76 >+-/' 3 K/)1>7N2PC3h* 8�0

t
* ' , 6 ' <202* 8S-/.7: F 6 X

�+X�� < >�91' 91' I >+02-/F 6 8 0 t { � , >�' )+* , -/.102.h* 8+Gh:7< >16 �102-/>1* 8+34-/' * >1* =19+< 02.73 d̂(x)
-/' * >1U �h8+918+< }~6 : B19187* '

: �78�91O7>5< 0/, }~6H* >s8+918+, >(:7< >+T2F I 8+G76H)+>1* @ 0
t
-/918+I ' ,46 >�' U >1W1N/' ,4>+91=�* .16k� X �7�H-/'�>+I )1' * 81�13* I =+9181G13 {

? >�� A z 6 >+� B7* .702.�V2< >S* 8
d̂(x)
K5.�819185, >�N/>�N2F 02' <5* 8;>+I7< 02* ' I =;-/F O1813h* .13�? � X �7�7A K+918+G�:7, 6 ' * >5<5>+91=* .16S? � X � � A K2, 028S-/'D-/.7: F 6�91@+6 }s02'4F 6 >S* -/B1-/>;>+91=S' < )+876 8+02* 8+< W5' , >�? -/F N/81: 85<5* >5< I7< @102-/>+* 8+3* -/.1-/@1* }C67A X? Q�� A � G19187O187V2< 02-/=13h* 8+G

d̂(x)
K58;8+918+, 813DN2>�N/F 02' <5* 8;>+I7< 02* ' I =S-2F O1813h* .13�? � X �7�1An, 028;-/'D-/.7: F 61K>191=�' < )+876 8+02* 8+< W5' , 8�02'M' < )+876 8+02* 8+< W5' , 82KDW5I .10/< -/8+918+< P~6 * >13�-|, >�-2F N/8+: 8sQ1' O1* < 02* 819185, .702.13

Q1>+0/< 02-/F 6 .�02* .�)+O1, 02.J? >+6 >1: I 8+-|< )+B;-/F N/81: 8+3h-/'4Q+@102.;* >S' < )+876 8+02* 8+< W5' , >+A X? V�� A �DF * 876 * >13
∆t = 1

)+>+<
∆s(x, d̂) = 0

K~O7�16 876 * >+3SV2< >
d̂(x)
W5I .70/< -/819185< PC6 * >+3;F 6 >u02�76 87O18

V5I >1-/-|< )1PC6h' U7< 02PC02' }~6D918+G�91I 8+)1�191* 81G16h>19+=�* 8;: ' U7< =�-/F O1813D* .13�? � X �7�+K ACW5I .70/< -/819185< PC6 * >+3F 6 >S* -/B1-/>S>191=S' < )1816 8102* 85< W5' , > X
�h>+<+85<+* I ' < 3491I 8102' V5V2, 02' < 34-/918+I ' ,+6 >�: ' < W1N/' ,+=1* <+' , 6 >5<+* >1G1* =+02.7-/' 34' @16h>+AC8+<+* 8+9+< )+F 34:7< >+)1G1-/@16 02' < 3
* .13DW5}CI 87W5I 8767< )1B13hF 6 * >102.13D* .73h' < )+=76 >+3h' , 6 >+<2V5I >1-/-|< )1F 37K2)+>+<5Q5An.;* >1W5�1* .1* >;' , 6 >+<202* >7N2' I B;-/F 02>;02* 8
W5I 8767< )+=J:7< @+02* .1-/>

∆t
K5: .1O7>+: BJ{

d̂1(x) = û1(x, t)∆t
? � X � � A)1>5<

d̂2(x) = û2(x, t)∆t.
? � X � � A

� * .�91I @1U .5K5. 0 � �hK ∆s(x,d)
K50291@167< >;-/.7: ' 67, � ' * >+<5V2< >;)+@19185< ' 3h* < -/F 3D* 81G

d̂(x)
K5' 91' < : B5{~>5ACG191@1I E

W5' <2N/=1I G7Q18+3�91>+I >1* B7I .102.737K|Q+ADG191@1I W5' <L' 9+< )+@1O1G7R/.u? 91I =1Q1O1.7-/>�)1>+O7G1-/-/F 6 81GM)+>+<L>1)+@1O1G791* 81GMT2=16 * 81G+A K
V2AD: .7-|< 8+G7I V58+�76 * >5<LO1@ N/.J>+91=�* 8JQ+B7-/>�* .73;91>1I ' -2Q+87O7B13;02* .16;91' I7, 91* }C02.J-/.M>1)+F I >+< }~6J:7< >+6 G702-/@+* }C6
-/' * >1* =19+< 02.13 K/)1>5</:7A�8ST/}~*7< 02-/=13�* .13h' < )+=76 >+3�-/918+I ' ,/6 >S:7< >1T/F I ' <2>+91=J91O7>5, 0|< 8S02'h91O7>5, 0/< 8 X4� G16 ' 91P~37K02* 87W5' �78+G7-/'h6 >S' O7>+W2< 02* 819185< B10281G1-/'D* .76�>+91=7O1G7* .�*7< -/B;B;* 8S* ' * I @1V5}C6 8S* 8+G

∆s
? � X � � AnB;* 8S>1I7< 02* ' I =-/F O78+3;* .73S¤��#"�? � X � & AhV2< >u* .76J' )1*7, -/.702.M* 81G�:7< :7< @102* >+* 81G�91' :7, 81G�)+, 6 .702.13 X �h<L>+6 >1: I 8+-|< )+F 3S-/F N/87E: 8+<~-/'�Q1@+02.M* >u' < )+876 8+02* 8+< W5' , >u918+GM91>+I 81G10/< @+� 876 * >5<~' : P_W5I .70/< -/819185< 81�16J* ' W567< )+F 3;Q1' O1* < 02* 8+9185, .702.13

9181GJQ1>+0/, � 876 * >5<L02* .M)1O+, 02.MV2< >�6 >�' O1>1W2< 02* 8+918+< B7028+G76J* 8�* ' * I @1V5}C6 8�* 81G
∆s
? >16 *7, N2' * >M-/'�* .J-/F N/87E

: 8J>16 >1� B1* .102.73�918+G;W5I .10/< -/8+918+< ' , * >+</02* .76�91I 8102>+I -/87V5BS* -/.7-/@+* }~67A�-/'hF 6 >JG191876 8+81�1-/' 6 8J91' I7< 8+I7< 02-/=
' U 81-/@+O7G16 02.73h02* 8;Q1B1-/>;* .73h91I =1Q1O1' R2.13 X
�n� �4� �������h¡ �~� ��¢ ���S£5���~� ¢��C�D�C�k�~�7�~�7�n�4�/�n�|�C�H�4� �|�n�4�C�k¢;£	�n���4�(�|�C�
�����~�~� �4�|�

�4� � �n���
�4I7< 6M>191=H* .76M' )1*7, -/.702.�)5, 6 .102.73J-/';W5I B102.�>16 >+: I 81-|< )+P~6�-/' N2=+: }~6JQ+>10/< 02-/F 6 }~6M02* >u' < )1876 8+02* 85< W5' , E
>5Kn91I 81.1V5' , * >+<C02G76 B N2}C3SF 6 >H02* @+:7< 8u>+6 >1� B1* .102.73J>1O1O7>+V5P~6MT/}~* ' < 6 =7* .1* >+3 Kn=1918+G�.u:7< >+T28+I @H91O7>5< 0/, 81G
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02'S)1@7N2'J' < )1816 8102* 85< W5' , 8k02G7V5)+I7, 6 ' * >5<C-/'S)+@19185< 8k)1>+* PCT2O+< X & ' )+* , -2.102.u' )1* ' O7' , * >+<C-/=16 8H91@+6 }�02* >' < )+876 8102* 8+< W5' , >�918+Gh>+6 B7)+81G16D02* .164-/' * >1Q1O1. N/' , 02>�91' I7< 87W5B X �h<1>+6 >1: I 8+-|< )+85,+>+O7V5=+I7< N/-/8+<+-/'nQ1@+02.h* >�' < E)1876 8+02* 85< W5' , >�918+GhW5I .70/< -/819185< 8+�76D* .76D* ' W567< )1B�* .13nQ1F O1* < 02* .13n)+> N/=1: 8+G�' )1*7< -/8+�76D* 8�Q1B1-/>�' 6 .7-/F I }C02.73
u(x, t; ∆t)

02* .76�? � X � � Ah02'�)+@ N/';' < )+876 8+02* 8+< W5' , 8u02* .M-2' * >7Q+O7. N2' , 02>�91' I7< 87W5B+KC' O7>+W2< 02* 8+918+< P~6 * >+3S-|, >N2' *7< )+P~3�81I7< 02-/F 6 .J02G76 @+I * .102.
E
* .13�:7< >1T/81I @+3�91O7>5< 0/, 81G

∆s(x,d)
K|=102816;>1T/81I @�* 8

d X &
02G76 @+I * .102.
E
91I F 91' <C6 >H' , 6 >+<LN/' * < )+PC3S8+I7< 02-/F 6 .+Kn=191}C3S.u* ' * I >1V5}C67< )+B�02G16 @1I * .702.5KCF * 0/<~PC02* 'S* 8u' O1@1W2< 02* 8H6 >
91I 81)+�791* ' <~=1* >16�..0 � � ' , 6 >5<~-/.1: ' 67< )+B X & 0 � � 02G7V5)+O1, 6 ' <~02* 8H-/.7: F 6M* 8+9+< )+@5Kn=1* >16 d̂a(x, t; ∆t)02G7V5)+O1, 6 ' <|02* .16�91I >1V5-/>+* < )1BJ-/' * >+* =+9+< 02. X4� ¤C* 0/< K|* 8JQ1B1-/>J' 6 .7-/F I }C02.73�>+6 * < 02* 8+< W5' ,|02* .76;' 9+< Q+87O7BJ* 81G91' I7< 81I7< 02-/8+��* .73h8191*7< )+B73hI 81B13D* 819+< )1@ X �D>1I >+)1@+* }nK/91>1I 8+G70/< @1� 8+G7-/'h)1@+918+< ' 3h91>1I >+O7O1>1V5F 3h* .73DQ1>+0/< )+B73-/' N2=+: 81GH' )+* , -/.102.73M-/'J>+6 >1: I 8+-|< )+F 3�-/' N2=+: 81G13M918+GuQ1>+0/, � 876 * >+<n02* >k' < )1816 8102* 85< W5' , >s-/'JW5I B102.u* .73
>191=1* 81-/.13h)+> N/=1: 8+G X
�� �)����1� � " �!#

Netravali-Robbins
�(>+O7V5=+I7< N/-/813

Newton-Raphson
Q+I7, 02)1' <+-|, >;' )1*7, -/.702.�* 8+G�:7< >+6 �702-/>+* 8+34-/' * >1* =19+< 02.13 K5* 8�8+918+, 8;' O1>7E

W2< 02* 819185< ' ,2* 8;* ' * I @1V5}C6 8;* .73�0 � � 02'4)1@7N2'D' < )+876 8+02* 85< W5' , 82K2W5I .70/< -/819185< PC6 * >13h-|, >;-/F N28+: 8;)1>7N2=+: 81G* .13D)+O1, 02.73 X &_02G76 @+I * .102.�)1I7< * .1I7, 8+G;9181G�N/>S' O7>1W2< 02* 819185< . N2' ,/:7, 6 ' * >5<2>191=J* .161{
E(x; d) = [∆s(x,d)]2

? � X � � A
z 91=J* .S91>1I @+V5I >1T/8M* 8+GS91>1I >+I * B7-/>+* 8+3�.S' O1>1W2< 02* 819185, .702.S* 8+G

E(x; d)
02'h02W5F 02.S-/'h* 8

d
K/02* 8J' < )181E

6 8102* 85< W5' , 8
x
K2>+91=S* .;-/F N28+: 8S* .13h>191=1* 81-/.13h)+> N/=1: 8+G;91>+I @1V5' </* .16�>16 >+: I 81-|< )+BS02W5F 02.

d̂(i+1)(x) = d̂(i)(x)− (
1

2
)ε∇d[∆s(x,d)|d=d̂(i) ]

2 = d̂(i)(x)− ε∆s(x, d̂(i))∇d∆s(x,d)|d=d̂(i)

? � X & �1A
=1918+G ∇d

' , 6 >5<~.�)1O+, 02.M02';02W5F 0/.M-/';* 8
d
KC)1>5<~* 8

ε
' , 6 >+<C* 8u-/F V5' N28+3;Q1B1-/>1* 813 X �DG7-/. N2' , * ';=1* <~.>1I 6 .1* < )1B;)1O+, 02.�: ' , W56 ' <291I 813�* .16�)1>+* ' � N/G76 02.;* .13DQ1F O1* < 02* .73D)+> N/=1: 8+G X

� P~I >4N2>D02G1� .7* B7028+G7-/'~* 816nG19187O187V2< 02-/=D* .73 ∇d∆s(x,d) X z 91=D* .76h? � X � � A K -/918+I 81�1-/'C6 >DV5I @+R28+G7-/'

∆s(x,d)−∆s(x, d̂(i)) = sc(x + d, t+ ∆t)− sc(x + d̂(i), t+ ∆t)
? � X &+� A

� P~I >2K+>+6 >1O7�1876 * >134* .76DF 6 * >+02. sc(x+d, t+∆t)
02'nF 6 >�>+G N/>+, I ' * 8�02.1-/' , 8

x+d
02'�-|, >�02' < I @

TaylorV5�7I }s>191=J* 8
x + d̂(i) K2F W581G1-/'

sc(x + d, t+ ∆t) = sc(x + d̂(i), t+ ∆t) + (d− d̂(i))T∇xsc(x− d; t−∆t)|d=d̂(i) + o(x, d̂(i)))
? � X &1� A

=+9181G
o(x, d̂(i))

8+<L=1I 85<LG7R/.7O7=1* ' I .13�* @+U .73;* .13�02' < I @+3 X z 6 *7< )+> N|< 02* P~6 * >+3�* .76S>16 @19+* G7U .M* .13�02' < I @+3
Taylor
02* .16;? � X & �1A K2F W581G1-/'D* .76�V5I >+-/-|< )+B;F )1T/I >102.;* .73�0 � �

∆s(x,d) = ∆s(x, d̂(i)) +∇T
xsc(x− d̂(i); t−∆t)(d− d̂(i)) + o(x, d̂(i))

? � X &1� A
=1918+G ∇xsc(x− d̂(i); t−∆t)=̇∇xsc(x− d; t−∆t)|d=d̂(i) X�� I .70/< -/819185< PC6 * >13h* .16;? � X &+� AC)+>+<5>+V56 81P~E6 * >13�* 8+G73�=+I 8+G73;G7R/.7O1B73�* @1U .13 KL-/9181I 8+�7-/'�6 >J' )+T2I @+0281G1-/'�* .76;)+O1, 02.S* .73 0 � �
02'�02W5F 02.S-/'�* 8 d-/'D=1I 8+G73�* .13DW5}CI7< )+B73h)+O1, 02.13D* .73hF 6 * >+02.73h* .13D' < )1=16 >13�}C3D' U B13 {

∇d∆s(x,d)|d=d̂(i) = ∇T
xsc(x− d̂(i); t−∆t)

? � X & � A
)1>5<28S>16 >+: I 81-|< )1=+3�' )1*7< -/.1* B13DQ1>+0/< 02-/F 6 813h02* >S' < )+876 8+02* 8+< W5' , >JV2, 6 ' * >+< {

d̂(i+1)(x) = d̂(i)(x)− ε∆s(x, d̂(i))∇xsc(x− d̂(i); t−∆t)
? � X & �1A

� �
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� * .�? � X & �1A K�8k91I P~* 8+3M)1>5<n8k: ' �1* ' I 8+3M=1I 8+3M' , 6 >5<n8k=1I 8+3M91I =1Q1O1' R2.13M)1>5<n' 6 .7-/F I }C02.73M>16 *7, 02* 8+< W5> X
� .7-/' < P~02* 'C=1* <18�G79181O787V2< 02-/=+3�* .73�:7< >+T28+I @13491O7>5< 0/, 8+G ∆s(x, d̂(i))

)+>+<+* 8hW5}CI7< )+=�:7< @16 G102-/>h* .73�)+O1, 02.73
-/9181I ' ,/6 >S>191>5< * ' ,/91>+I ' -2Q+87O1B;* .13D*7< -/B13D* .73hF 6 * >+02.73hV2< >S-/.;>+)1F I >+< ' 3�' )1*7< -/B102' < 3D* .73h-/' * >+* =+9+< 02.73 X
� 8S91I =7Q+O7.1-/>S* 81G;:7< >1T/I @1V5-/>+* 813�' , 6 >5<2' 9+, 02.13D' -/T/>16 F 3h02* 81G13D>+6 >1: I 8+-|< )+81�13�>1O1V581I7, N/-/81G13h-/'4Q+@7E02.u* >k' < )+876 8+02* 8+< W5' , > X �q=1I 8+3M' 6 .1-/F I }~02.13J' , 6 >5<nF 6 >k:7< @+6 G702-/>k)+>1* @k-/B7)+813M* .73MW5}CI7< )1B13M)+O1, 02.73* .13SF 6 * >+02.73J* .13S' < )1=16 >13 X �DI 81T/>16 PC3 K�)1>+-|, >H:7< =1I N/}~02.u: ' 6M' )1* ' O7' , * >5<~02* .�)1@7N2' * .u:7< ' � N2G16 02.�* 81G:7< >+6 �702-/>+* 813h)+O1, 02.13 X
� '4-|, >�91I 8+0291@ N/' < >;6 >�>+91O78+918+< B7028+G76h91' I >5< * F I }H* .h: 8+-/B�* 8+G�' )+* < -/.7* B+K+85< Netravali

)+>+<
Robbins91I =7* ' < 6 >+6�* 876�* I 81918+918+< .1-/F 6 8S* �7918S' )+* , -/.70/.73 K

d̂(i+1)(x) = d̂(i)(x)− εsgn(∆s(x, d̂(i)))sgn(∇xsc(x− d̂(i); t−∆t)),
? � X &�& A

=1918+G;8J=1I 8+3�' 6 .7-/F I }C02.73h91>5, I 6 ' <2-|, >J>191=J* .73h* I ' < 3h*7< -/F 3 ±ε )1>5</-/.7: F 6 X4�C� >1G1* BS* .16�91' I7, 91* }C02.+K285<' )1*7< -/.1* F 3h)+, 6 .702.13D' 6 .1-/' I P~6 816 * >+<2-/=16 8S)+>1* @S* < 3D:7< ' G N/�76 02' < 3
0, 45, 90, 135, ...

-/8+< I P~6 X&q02�1V5)1O+< 02.H)1>5<�8sI G N/-/=13�02�7V5)+O1< 02.13M* 8+GH>+O7V58+I7, N2-/8+G
Netravali-Robbins

' U >1I * @1* >+<�>191=s* .76
' 9+< O187V5B4* .13C91>1I >+-/F * I 8+G

ε
* 81G4-/' V5F N/81G13C* 8+G�Q1B1-/>1* 8+3 X � < >D9+>1I @1: ' < V5-/>5K1' @+6 ε = 1

16

K7* =1* 'C* 81G1O7@+W2< 02* 816
�1� ' 91>16 >+O7B1R2' < 3M>+91>+< * 81�16 * >+<�V2< >k* 876�G19187O781V2< 02-/=k-|, >13M-/' * >1* =19+< 02.13 � ' < )1816 8102* 85< W5' , }~6 X z 91=k* .16@1O1O7.�91O1' G7I @2K+-|, >;' 9+< O1=7V5.�' 6 =+34-/' V5@+O78+G�-/' V5F N/81G13�Q1B1-/>1* 8134-/918+I ' ,56 >�8+: .7V5B102' <+02'�* >+O7>+6 * PC02' < 34* .73
' )1*7, -/.702.13D)+, 6 .702.13 X z I )1' * F 3h02* I >+* .1V2< )+F 3D-/918+I 81�16�6 >S81: .1V5B7028+G76�02* .�Q+' O7* , }~02.�* .13D02�1V5)1O+< 02.73h* 81G>1O1V581I7, N/-/81G X
�� �)����1� � " �!#

Walker-Rao
�h<

Walker
)1>5<28

Rao
91I =1* ' < 6 >+6�F 6 >S91I 8102>+I -/8102*7< )+=S-/F V5' N/813DQ1B1-/>1* 813hG7918+)+< 6 8+�7-/' 6 85<2>191=S*7< 3h91>1I >1E

)1@+* }�91>1I >+* .1I B702' < 37{�>5A � * .SV5' < * 8767< @J-|< @13�>+)1-/B13�=+9181GS* 8 |∇sc(x1, x2, t)|
' , 6 >5</-/' V5@1O185K|* 8

ε
91I F 91' <

6 >J' , 6 >+<|-|< )+I =M' @16S.�0 � �
' , 6 >+<|-|< )1I B5K|F * 0/</PC02* '�6 >M-/.SW5I ' < >+0+N2' ,|6 >M)+@16 8+G7-/'�-|, >J>+:7< )+>+< 87O7=1V5.7* >-/' V5@1O1.u' 6 .7-/F I }C02. X ¤C9+< 91O7F 8161K�02* .uV5' < * 8167< @k-|, >13M>+)1-/B13 K�.u>+)1I7, Q+' < >k* .73J' )+* , -/.102.73J)5, 6 .702.13JF W5' <� }~*7< )+BJ02.1-/>10/, >2KL* 8�8+918+, 8�' 9+, 02.73;>+91>+< * ' ,L-|< )1I =�-/F V5' N/813;Q1B7-/>+* 8+3 X Q5A � *7< 3;81-/85< =+-/81I T/' 3;91' I7< 81W5F 3* .134' < )1=16 >13h=+9181G |∇sc(x1, x2, t)|
' , 6 >5<5-|< )1I =2K5W5I ' < >1� =+-/>102* '4-/' V5@+O78S-/F V5' N28+34Q1B1-/>1* 813D=1* >16�. 0 � �' , 6 >+<L-/' V5@1O1. X �h>+<|85<|: �78�>1G1* F 3�>+91>+< * B702' < 3;-29+81I 81�16S6 >M)+>1O1G7T5N28+�76S>191=�F 6 >M-/F V5' N28+3�Q1B1-/>1* 813�* .73-/81I T/B73
ε =

1

2||∇xsc(x− d̂i; t−∆t)||2
? � X & � A

¤C9+< 91I =+0+N2' * >2K285<
Walker
)1>5<

Rao
' < 02B7V5>+V5>16�* 8+G73h>+)1=7O181G N28+G73�' G7I7< 02*7< )+81�13h)1>+6 =76 ' 37{

�1X ¤C@16�. 0 � ��' , 6 >+<2-|< )1I =1* ' I .;>+91=S)1@+9185< 8S)+>1* P~T/O1< K28S=1I 8+3h' 6 .1-/F I }~02.13D*7, N2' * >+</, 028+3h-/'D-/.1: F 6
�+X ¤C@16�. 0 � � G791' I Q+>+, 6 ' <5)1@+918+< 8S)+>1* P~T/O1< K5>+O7O1@;* 8;-/F * I 8;* .73DW5}CI7< )+B73h)1O+, 02.13D* .134' < )1=16 >13h' , 6 >5<-/.7: F 61K2* =1* 'D8S=+I 813�' 6 .7-/F I }C02.73h91@1O+<2* , N/' * >5<2, 02813h-/'D-/.1: F 6 X
�5X ¤C@16;.S>191=1O7G1* .S*7< -/BS* 81GS=+I 81GJ' 6 .7-/F I }C02.73S? V2< >J)1@7N2'�02G167< 02* P~02>5An' , 6 >+</-|< )1I =1* ' I .J>191=M* 8 1

16

K
* =7* 'D*7, N2' * >5</, 028+3h-/' ± 1

16
X

�5X ¤C@16�.D>191=1O7G7* .D* < -/BD* 81GD=1I 8+GD' 6 .7-/F I }C02.734? V2< >h)1@7N2'n02G767< 02* P~02>5A/' , 6 >5<791@16 }�>191= � K7* =7* '~*7, N/' * >+<, 02.;-/' ±2

�h<
Caffario

)1>5<
Rocca
' 9+, 02.13 K2>16 F 91* G7U >+6�-|, >S91>+I =1-/85< >JF )+T2I >+02.;* 81G;-/' V5F N28+G73DQ+B7-/>+* 8+3 


Caf83


ε =
1

||∇xsc(x− d̂i; t−∆t)||2 + η2

? � X &�� A

� �
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.J819185, >M91' I7< O1>1-2Q+@16 ' <|F 6 >16;=+I 8M-/' I 87O7.1R/, >+3S?
bias
A
η2 V2< >M* .16�>+9181T/G7V5BJ* .13�:7< >+, I ' 02.13�-/'�* 8J-/.1: F 602'D91' I7< 87W5F 3�02* > N/' I B73hF 6 * >+02.73h=+9181GS.;W5}~I7< )1B;)+O1, 02.;' , 6 >5</, 02.�-/'h* 8S-/.1: F 6 Xn� , >S* G79+< )1B;*7< -/B;V2< >S* 8

η
' , 6 >+<

η2 = 100 X�4' < I >1-/>+* < )1@S>19181* ' O1F 02-/>1* >;: ' , W56 81G16h=7*7<+.�W5I B702.�' 6 =13D91I 810/>1I -/8102*7< )+81�;-/F V5' N28+G734Q1B1-/>1* 8+34Q1' O7E
* < P~6 ' <291' I7< 020281* F I 8S* .;02�1V5)1O+< 02.�* 8+G;>1O1V581I7, N2-/8+G

Netravali-Robbins XC� ¤CW5' <5Q+I ' N2' ,/=7* </91F 6 * 'D' 91>+6 >7EO7B1R2' < 34B1* >16h>+I )1' * F 34V2< >�6 >;91' * �1W581G1-/'D< )+>16 8+918+< .7*7< )+@;>+9187* ' O7F 02-/>+* >�02*7< 3491' I7< 0202=7* ' I ' 3491' I7< 91* PC02' < 3 X
� � � �%&�(�$�),$'&	�����%/�&��  � +.- /�)�$�)�#�+.(%&1# � " ��" ( &�(
¤n, 6 >+<L9+< N/>16 =�6 >M' 9+< Q+@1O1O78+G7-/'�F 6 >+6S< 02W5G7I =1* ' I 8M91' I7< 8+I7< 02-/=M81-/>+O7=1* .1* 813;02* < 3�' )1*7< -/B102' < 3�02'�)1@7N2'�' < E
)1876 8+02* 85< W5' , 8

x
K|G79187N2F * 816 * >13�=7*7</.S-/' * >+* =+9+< 02.S91>1I >+-/F 6 ' </02* > N/' I B;* 8+9+< )+@M91@16 }(>191=M87O1< 0+N2>5, 6 81G102>

91' I7< 87W5B�G7918+02* B1I7< U .13
B
V5�1I }k>191=;)+@ N/'D' < )+876 8102* 8+< W5' , 8 X�� 9181I 8+�7-/' K2* =1* ' K56 >;' O1>1W2< 02* 819185< B10281G1-/'4* .0 � �_91@16 }s>+91=S* .76�91' I7< 87W5B;G1918102* B7I7< U .73 B K5}C3h' U B737{
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d̂(i+1)(x) = d̂(i)(x)− ∆s(x, d̂(i))∇T sc(x− d̂(i); t−∆t)
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' T2>+I -/810+N/81�16;< ' I >+I W2< )+@5K|-/'hW5I B702.;9187O1O7>+91O7PC6�>+6 >1O1�702' }C6J?
multiresolutional

An>+6 >191>+I @102* >102.13�* }~6
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02�702* .7-/>;' U7< 02PC02' }~61{

∂f(u)

∂u1

= 0
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∂f(u)
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? � X ��� A
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u X ¤C91' < : B;' , 6 >5<5: �102)181O78S6 >81I7, 0281G1-/'D-|, >S)+O7' < 02* B�F )+T2I >+02.;V2< >S* .;02G76 @+I * .702.;)1I7< * .7I7, 81G
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